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THE STATISTICAL ANALYSIS OF A RANDOM, MOVING SURFACE

By M. S. LONGUET-HIGGINS
National Institute of Oceanography, Wormley

(Communicated by G. E. R. Deacon, F.R.S.—Received 29 March 1956—
Revised 31 July 1956)

The following statistical properties are derived for a random, moving, Gaussian surface: (1) the
probability distribution of the surface elevation and of the magnitude and orientation of the
gradient; (2) the average number of zero-crossings per unit distance along a line in an arbitrary
direction; (3) the average length of the contours per unit area, and the distribution of their direc-
tion; (4) the average density of maxima and minima per unit area of the surface, and the average
density of specular points (i.e. points where the two components of gradient take given values);
(5) the probability distribution of the velocities of zero-crossings along a given line; (6) the pro-
bability distribution of the velocities of contours and of specular points; (7) the probability dis-
tribution of the envelope and phase angle, and hence (8) when the spectrum is narrow, the pro-
bability distribution of the heights of maxima and minima and the distribution of the intervals
between successive zero-crossings along an arbitrary line. All the results are expressed in terms of the
two-dimensional energy spectrum of the surface, and are found to involve the moments of the
spectrum up to a finite order only. (1), (3), (4), (5) and (6) are discussed in detail for the special
case of a narrow spectrum.

The converse problem is also studied and solved: given certain statistical properties of the
surface, to find a convergent sequence of approximations to the energy spectrum.

The problems arise in connexion with the statistical analysis of the sea surface.

(More detailed summaries are given at the beginning of each part of the paper.)
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INTRODUCTION

On observing waves in the open ocean, one is struck by their irregularity: no single wave
retains its identity for long, the distance between neighbouring crests varies with time and
place, and frequently it is difficult to assign to the waves any predominant direction or
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322 M. S. LONGUET-HIGGINS ON THE

orientation. Thus although the sea surface may, for some purposes, be treated as a uniform:
train of waves advancing in one direction only, such a representation is usually far from
reality.

The first attempt to treat the sea surface as the sum of more than a finite number of simple
sine-waves is due to Barber and his collaborators (1946), who used a harmonic analyzer
to resolve a length of record, say of wave height or pressure at a fixed point, into its Fourier
components. The physical basis for this procedure is that, if the waves are not too steep,
the energy in any particular frequency band may be expected to be propagated indepen-
dently of the rest of the spectrum, and with a velocity characteristic of its frequency. It was
shown by Barber & Ursell (1948) that for ocean swell this is in fact nearly true.

Just as sea waves have no single frequency or wavelength, so they have no single direction.
One must therefore consider the Fourier spectrum of the sea surface with regard to both
frequency and direction or, what is equivalent, the spectrum with regard to wave-number
in two horizontal directions. A two-dimensional Fourier analysis for sea waves was proposed
by Longuet-Higgins & Barber (1946), who also suggested apparatus for finding a certain
amount of information about the spectrum. Independently, Pierson (1952) has emphasized
the importance of the distribution of energy with regard to direction when studying the
generation and propagation of waves and swell. Thus waves from a limited storm area will
decay more or less rapidly with distance according as the spread in direction of the energy
is wide or narrow. Similarly, the angular distribution of the energy in a swell will be more
or less concentrated according as the region in which it was generated subtends a wide or
narrow angle at the point of observation.*

A very interesting problem now arises: the relation between the energy spectrum of
the surface and its observable statistical properties. To take a simple example, suppose that
we measure the surface elevation { at a fixed point: what is the r.m.s. value of { with regard
to time; what is the average time interval between the maxima of {; what proportion of
the maxima have heights between two given values?

Questions of this kind have been studied theoretically by several authors, notably by
Rice (1944, 1945) in connexion with the analysis of electrical noise currents. Rice con-

sidered the function ¢t) = Se,cos (0,t+¢,), (1)

which is the sum of a large number of sine-waves of different frequency ¢,/27. The phases
¢, are random variables distributed uniformly in the interval (0,27), and the amplitudes
¢, are such that in any small interval of ¢ of width do,

162 = E(0) do, (2)
say (our notation is slightly different from Rice’s). The function E(¢) may be called the
energy spectrum of {. It is the cosine transform of G. I. Taylor’s correlation function

vlt) = lim [ a(e) -0y dr (3)

* Some other applications of the two-dimensional spectrum may be mentioned. It has been used to
calculate the seismic energy generated by sea waves, where the directional distribution of energy is essentially
involved (Longuet-Higgins 1950). Eckart has used a two-dimensional analysis to calculate the scattering
of sound from the sea surface (19534) and the waves caused by a random distribution of pressure pulses
(19536). St Denis & Pierson (1953) have applied it to ship motion; see also Cartwright (1956).
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(see Khintchine 1934). One can show that the method of harmonic analysis used by Barber
& Ursell (1948) is essentially equivalent to making an estimate of ,/E, within limits of
accuracy imposed by the finite length of the record (see Tukey 1949).

Using the above representation, Rice was able to derive many statistical properties of ¢,
in particular the probability distribution of { itself (which is Gaussian), the average number
of zero-crossings of { per unit time, the probability distribution of the maxima, and certain
statistical properties of the envelope.

It was found by Rudnick (1950) that records of sea-wave pressure are in fact Gaussian
(see also Pierson 1952). Barber (1950) considered the distribution of wave heights, that is,
the difference in level between a crest and the preceding trough, and compared some
observations with the ‘random-walk’ (or Rayleigh) distribution,* which is the theoretical
distribution for a narrow-band spectrum. This distribution has been discussed in more
detail by the present author (1952), who showed that the theoretical ratios of the mean
wave height, the mean of the highest one-third of the waves, and the height of the highest
of N waves were in close agreement with observation. Further observations are given by
Watters (1953).

Some two-dimensional statistical properties of the sea surface have also been measured.
By photographing the pattern and intensity of sunlight reflected from the sea surface, Cox
& Munk (19544, ) have deduced the statistical distribution of the two components of surface
slope, in winds of different intensity. They find that the distribution differs only slightly
from a normal distribution.t One may expect that for swell, which is usually less steep
than waves under the action of the wind, the departures from the normal distribution will
be still less.

For more than fifty years attempts have been made to construct contour maps of the sea
surface. Some results, together with references to earlier work, are given by Schumacher
(1952). At the present time some very extensive maps are being made as proposed by Marks
(1954). These maps may well be suitable for statistical analysis. |

On the theoretical side, Eckart (1946) has considered the intensity of light reflected from
a random surface whose gradient and second derivatives are all distributed normally; and
he has also calculated the first and second moments of the total curvature. However, no
extensive theoretical study of the two-dimensional statistical properties of a random
surface appears to have been made.

The purpose of the present paper is to study theoretically the statistical properties of a
random, moving Gaussian surface, in relation to its two-dimensional spectrum.

In view of the observations mentioned above, there is reason to believe that some at least
of the results are relevant to waves in the open ocean. The analysis may also apply to other
geophysical phenomena, for example, to microseisms or perturbations of the ionosphere.
In addition, however, the subject is of interest as a branch of geometry, and we shall develop
it here on its own account, leaving the application of the results and comparison with
observations to a separate study.

* So called because it was derived by Rayleigh in connexion with the theory of sound. See Rayleigh

(1880; 1945, pp. 39—42). )
1 Schooley (1954) has made similar measurements for the river Anacostia. A different technique was used

earlier by Duntley (1950) on Lake Winnipeg.
40-2
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The paper is in three parts. Part I is mainly introductory; we define some convenient
parameters for describing the surface: the long-crestedness, the skewness, the carrier wave and
the envelope, and we find conditions for the surface to split up in various ways into one or
more simpler systems of waves.

The chief results are contained in part II. Expressions are derived for the statistical
distributions of the surface elevation and the magnitude and direction of the surface slope
(§2-1); for the average number of zero-crossings of { along a line in an arbitrary direction
(§2-2); for the average length of a given contour and for the distribution of its direction
(§2-3); for the density of maxima and minima (humps and hollows) per unit area of the
surface, and the density of specular points (points where the two components of surface
gradient take given values) (§2-4); for the statistical distribution of the velocities of the
zero-crossings of { along a given line (§2-5) ; for the statistical distributions of the velocities
of the contours (§ 2-6) and of specular points (§2:7). In order to interpret the more complex
results, the case when the energy spectrum is narrow, i.e. when the waves are more or less
uniform in wavelength and direction, is studied in detail. In §2-8 some properties of the
wave envelope are considered, and from these are deduced the average number of waves
in a group, the statistical distribution of the heights of maxima and the distribution of the -
spacing between successive zeros, all for a narrow spectrum.

In part IIT the converse problem is considered: given the statistical properties of the
surface, to find its energy spectrum. To do this, use is made of a striking feature of the
present distributions, that they depend only on the moments of the energy spectrum up to
a finite order. Thus the average number of zero-crossings along a line involves only the
moments of order 0 and 2. The average number of maxima and minima along a line involves
only the moments of order 2 and 4. Properties depending on the motion of the surface involve
the odd as well as the even moments. Hence, by considering the statistical properties of the
surface along a line in a number of different directions, the moments of the two-dimensional
spectrum up to, theoretically, any order can be deduced. From this it is possible to obtain
a convergent sequence of approximations to the spectrum (§ 3-3).

Detailed summaries of the results will be found at the beginning of each part.

ParT I. DESCRIPTION OF THE SURFACE

Section 1-1 introduces the representation of a simple wave pattern by a point in the wave-number
diagram, and defines the concepts of carrier wave and envelope, which are afterwards to be extended
to a surface with a continuous spectrum. The fundamental definition of a random surface in terms
of its spectrum is given in §1-2.

In §1-3 conditions are found for the surface to degenerate in various ways. Thus, a simple con-
dition for the surface to be ‘long-crested’ (i.e. for the energy to travel always in the same direction)
is given by (1:3-3). A condition for the surface to consist of no more than two long-crested systems
is given by (1:3-7), and a condition for no more than z such systems is given by (1-3-8). All these
conditions are expressed in terms of the moments m,, of the energy spectrum E, which are defined
by (1-2-7). A condition for E to degenerate into a ‘ring’ spectrum, i.e. for the energy to have
uniform wavelength though not necessarily constant direction, is given by (1-3-11). For standing
waves, both (1-:3-3) and (1-3-11) must be satisfied simultaneously. Necessary and sufficient con-
ditions for the spectrum to be narrow so that the energy is uniform in both wavelength and direction,
are given by (1-3-14). Necessary conditions for the existence of not more than two narrow bands
of energy are given by (1-:3-17) and (1-3-18).
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In §1-4 the curve of intersection of the surface by a perpendicular plane in an arbitrary direction
0 is considered. It is shown how the spectrum E, of this curve is related to the spectrum E of the
surface. The principal direction is defined as the direction in which the second-order moment of E,,
and so the r.m.s. wave-number, is a maximum. The minimum r.m.s. wave-number is in the per-
pendicular direction, and the ratios of the r.m.s. wave-numbers in these two directions is a con-
venient measure of the long-crestedness of the surface.

In §1-5 the carrier wave and the wave envelope are defined for a surface having a continuous spec-
trum. It is seen that in general the principal direction of the envelope is different from that of the
wave surface, so that the waves form a ‘staggered’ or echelon pattern. The angle between the two
principal directions is called the angle of skewness. It is proved that the envelope of the curve in
which a vertical plane intersects the surface is the same as the curve in which the plane intersects
the envelope.

In §1-6 some special properties of a narrow spectrum are deduced; in particular, that the long-
crestedness equals the reciprocal of the r.m.s. angular deviation of energy. from the principal
direction.

1-1. The representation of simple wave patterns
Imagine a single long-crested wave of length A travelling in a direction which makes an

angle 6 with the x axis (see figure 14). The wave-number w along a line perpendicular to
the crest is defined as w = 2m/A. (1-1-1)

The wavelength and direction can be specified very conveniently by drawing a vector oP

from a fixed point O in a direction 6, such that the length of OP equals w. Then if we con-
sider a section of the surface along any line making an angle 6" with the x axis, it is clear that
the wavelength along this section is increased in the ratio sec (§ —6’), so that the wave-
number is multiplied by cos (§—6’). In other words the corresponding wave-number is

simply the projection of OP on a line in that direction. In particular, the wave-numbers

parallel to the two fixed directions (x,y) are the co-ordinates of the point P with respect
of axes in these directions. The equation of the wave surface is then

{ = ccos (ux+vy-+ot), (1-1-2)
where u,v = wcosfd, wsinb, (1-1-3)

and ¢ is a function of z and v. Tt will be assumed that o depends only upon the wavelength,

that is on /(4% +v%) = w; v = o(u,v) = o(w). (1-1-4)

We may take ¢ to be positive, so that the direction of propagation is opposite to OP. Tt
follows from (1-1-4) that o(—u, —v) = o(u,v), (1-15)

that is, waves of the same length but opposite in direction have equal and opposite velocities.
Consider now a pair of long-crested waves of equal amplitude ¢ (figure 15). If these

are represented in the wave-number diagram by the vectors OP, and OP,, where P, = (uy,0,)
and P, = (u,,v,), we have for the surface elevation
{=ccos (uyx+v,y+0,t) +ccos (Uyx+v,0 +0,2). (1-1-6)
This may be written
{ = 2ccos (u'x+v'y+0't) cos (ux+vy +0t), (1-1-7)
uy—ty), v =% —0), 0 =§(oy f02)3}

where u =} 3 (11-8)
uytuy), V=3 +vy), T=§(0+0,).
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326 M. S. LONGUET-HIGGINS ON THE
If the wave-numbers (%, v,) and (u,, v,) of the two original waves are nearly equal, the term
2¢cos (u'x+v'y+0't) (1-1-9)
in (1-1-7) represents a slowly varying amplitude which we may call the ‘envelope’ and
cos (@x -y + %) (1-1-10)

represents a ‘carrier’ wave of approximately the same wavelength and direction as the
original waves. The carrier wave is represented in the wave-number diagram by the vector

OM, where M is the mid-point of P, P,. The envelope is represented by M_)Pl or AZPZ

Yy v

4

4

5019’ .l

> 0

Ficure 1. Representation in the wave-number plane of (@) a single long-crested wave and
(b) the sum of two long-crested waves of different wavelength and direction.

For example, suppose that the two waves are in the same direction but of different wave-

length. Then the vectors OP, and OP, are in the same direction and so also are OMand MP,.
Thus the envelope has the same direction as the carrier wave; the crests are infinitely long.
Again, suppose that the two waves are of equal length but in different directions. Then

the vectors OP, and (7}32 are of equal length but different direction. The carrier wave,

represented by O—M, lies in the mean direction, but the direction of the envelope is now
at right angles to the carrier wave. The result is a short-crested system of waves.

In the general case (figure 1) it will be seen that the wave crests are staggered, or form
an echelon pattern one behind the other. The direction of this pattern is perpendicular to
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P, P,. The wave-number perpendicular to P, P, is given by the length OT of the per-
pendicular from O to P, P,; it is the direction in which the wave-numbers of the two com-
ponent waves are equal.

The angle f between OM and P, P, is a measure of the skewness of the waves.

The envelope (1-1-9) and the carrier (1-1-10) are not necessarily ‘free’ travelling waves,
that is, they do not satisfy equations of the form of (1-1-4). Their representation in the wave-
number diagram is valid only so far as the spatial periodicity is concerned. However,
for a narrow spectrum %, 7, ¢ are nearly equal to %, v;, o, respectively, and so the carrier
wave does move with nearly the free-wave velocity, if the component waves are themselves
free waves. But the envelope moves with a velocity whose components are

d o g, —0, 0,—0
_(_,, _,) _ (__1 2 0170 2), (1-1-11)

To a first approximation this is
do do dw dw\ do . ndo
(G 30) = (G 30) iy = — (cososin) G (1-1-12)

which is the so-called group velocity. Thus in this special case the envelope moves with the
group velocity of the carrier wave.

1-2.  The representation of a surface having a continuous spectrum
We now assume that the surface possesses a continuous noise spectrum in two dimensions.
Generalizing the representation used in equation (1) we write

{(x,y,t) = X ¢,cos (unx+vny+o‘,,t+en), (1-2-1)

where it is supposed that the wave-numbers (u,,v,) are densely distributed throughout the
u,v plane, i.e. there are an infinite number in any elementary area dudv. ¢, is a function
of (#,,2,): 0, =0(Uy0,); (1-2-2)
the amplitudes ¢, are random variables such that in any element dudv we may assume

> %¢2 = E(u,v) dudv; (1-2-3)

n

the phases ¢, are distributed randomly and with equal probability in the interval (0, 27).
The function E(u,v) will be called the energy spectrum of {; the mean-square value of {
per unit area of the sea surface per unit time* is given by

. 1 X Y T © ©
hmgﬁWLJJLﬁM@m=§%=ﬁm%ﬁmm@@. (1-2-4)

X, Y, 7>

Thus the contribution to the mean energy from an element dudv is proportional to Edudv.
We shall write o o
f fEmwM®=%m (1-2:5)

* It is assumed that average values taken With respect to x, y or ¢ are equivalent to average values with
respect to the phases ¢,.
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and in general for the (p, ¢)th moment of E (u,v) about the origin we write
foo on E(u,v) utv?dudv = m,,,. (1-2-6)

These quantities will occur repeatedly throughout the following analysis. It is assumed that

they exist up to all orders required.
The function E(u,v) is closely related to the correlation function ¢(x, y, {) defined by

3 ]' X Y T !’ ! ’ ! !’ 4 !’ ! ’
¥(x,y,f) = lim mf_){f_yf_}(x U)X 4%,y +y, ¢ +8) dx'dy'de’. (1-2-7)

X, Y, T—>©

On substituting from (1-2-1) in the above we find
V(%,9,8) = X de5c08 (u,x+0,9+0,0), (1-2-8)

n
which can be written

W(ngt) = [ | Blu,v) cos (ur-toy-+o0) dud, (1-29)

so that ¥ is the cosine transform of E. The even moments m,, are related very simply to

the derivatives of ¢ at the origin:

92r(0, 0, 0
= (— 1 50 (peg =) (1-2-10)

1-3. Conditions for degeneracy

Some important features of the surface can be described immediately in terms of the
moments. For example, to find a condition that the wave energy shall all travel in one
direction, so that the spectrum is effectively one-dimensional, consider the integral

J*oo foo J«oo J<°° E(ulavl) E(uz, 7)2) (uva—uzvl)zduldvlduzdyz, (1,3,1)

If the spectrum is one-dimensional, the product E(u,, v;) E(uy, v,) is zero everywhere except
when «,/v, = u,/v,, when the squared factor vanishes. Therefore the integral vanishes.
Conversely, if the spectrum is not one-dimensional there will be a contribution to the
integral from some pairs of elements du,dv,, du,dv, for which u, /v, <= u,/v,, and since the
integrand is never negative the integral does not vanish. But on expanding the squared
factor and separating the integrations with respect to «,,v, and u,,v, we find that (1-3-1)
is equal to My
My Moy

2(mygmoy —miy) = 2 = 24, (1-3-2)

say. Thus a necessary and sufficient condition for £ to degenerate into a single one-dimen-

sional spectrum is that A — 0 (1-3:3)
o= 0.

By similar reasoning, a condition for E to degenerate into two one-dimensional spectra
(see figure 2a) is that

f_w- . f_wE(”1> vy) E(uy, vy) E(us, v5)
X (Ugv3—ug0y)? (g0 — 1y v3)2 (v —uyvy) 2 duy dvy duydvydugdo,  (1-3-4)
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shall vanish. The squared product may be written

— 2 2
UV Uply Ul | = 6 UV VR| UV Uy Ul (1-3-5)
C CH B
4 v
A A
/’, \\\ P
4 \
=
! 2T
/ - ] “
»u e »
0 e ‘
[ 1
e ’
BN ,
B
(a) (8)
v v
4 3
: i i
i i
1 1 B
SRS B 1S e -
1 i 1
' ) '
1 H i
R taats Lt o —--—-- jm——
! B
| > U 1 ] v
0 ! of ! I
1 1 |
1 ] '
1 1 "
1 i 1
t 1 ]
(¢) (d)

Ficure 2. The form of the energy spectrum for (@) two intersecting long-crested systems of waves,
(b) a system of standing waves, (¢) a narrow band of waves, uniform in wavelength and direction
and (d) two narrow bands of waves.

(where ¢;;, = -1 according as (4,7, k) is an even or odd permutation of (1,2, 3), and so the

integral equals |
Myg M3y My

6| mgy mgy My = 6A,, (1-3-6)
Mgy My3 Moy

say. Thus E degenerates into not more than two one-dimensional spectra if and only if
| A, =0. (1-3-7)

There is an obvious generalization to any number of one-dimensional spectra: the condition
that E degenerate into not more than z one-dimensional spectra is that

Mop,0  Mop-1,1 -+ My, n
A, = Mon-1,1 2n-2,2 n=1,n+1 | — . (1-3-8)
My, mn—l,n+l cee m0,2n

41 Vor. 24g. A.
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(In practice A,, A,, etc., must be compared with quantities of the same dimensions. Thus
A,, may be compared with (m,g+my,)".)

A condition for E to degenerate into a ‘ring’ spectrum, such that all the energy corre-
sponds to wave components of the same length but possibly different directions, is that

L B, ) B o) [0+ 80) — (@3+09)1? duydoy duydo, — (1:3:9)

shall vanish. This integral equals

2[ (g9 + 2oy ~+mo,) Moy — (Mgg+mg2) 7], (1-3-10)
and so we must have
(Mg -+ 2oy +myy) Mg — (Mg ~+1Mg)* = 0. (1-3-11)
The condition for the energy to be situated at two diametrically opposite points of the
spectrum (giving a standing-wave pattern) is that (1-3-3) and (1-3-11) shall be satisfied
simultaneously (see figure 25).
A condition for the energy to be concentrated about a single point in the spectrum is that

| ] B 0) Blag, 0) [y =)+ (0,~0)%] diydoydipdln, — (1:3:12)

shall vanish. This is equivalent to the pair of conditions that

[” f i j ) f " B, 1y) B, ) (1 —11)? dty oy iyl (1-3-13)

shall vanish, and a similar integral with factor (v; —v,)2 These are the conditions that the
energy be concentrated on lines parallel to the v axis and the u axis respectively (see figure 2¢)
On expanding the integrals we have

Mgy My
myy Mgy

Moy Mgy

=0 m, m
01 00

— 0. (1-3-14)

A condition for the energy to be concentrated about not more than two points in the
spectrum (not necessarily opposite) is that

fm foo E(uy,v,) E(uy, vy) E(us, 03} I [ (u;—u;)2+ (v;—v;)?] duy dv, duy dv,dusdog (1-3-15)
o Jew i+j

shall vanish. The term under the product sign may be written

(g —u3)* (us—uy)? (1 —u2)2+ (v2—03)% (v3—0,)% (v, —0,)*
+ 2 (uy—u)? (ug—up)® (v —05) 2+ Z(uy—us)? (v3—0,)% (v, —0,)2, (1-3-16)

Since all the terms are non-negative, each separately must vanish. The first two give the

conditions
Myo M3g My

M3y Mgy My
Mgy Myy My

Moy Moz My
My3 Moy My
My Myy My

=0, =0, (1-3-17)

which are the conditions that the energy shall be at the intersections of two pairs of lines
parallel to the v and u axes, i.e. at the corners of a rectangle (figure 2d). The remaining
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conditions can also be expressed in terms of the moments. Thus the group of terms under
the first summation sign in (1-3-16) leads to the condition

I M3g My My M3y Mag Moy Myg My My
4| my My Mgy |F2| My Mg My || My Mgy Mgy | = 0. (1-3-18)
My My Mgy My Moy Moy | | Mgy Mgy Mgy

The last group of terms in (1-3-16) leads to a similar condition, the pair of suffixes in each
of the moments m,, being interchanged.

We have incidentally shown that each of the combinations of moments on the left-hand
sides of equations (1-3-2), (1-3-6), (1-3-11), (1-3-14), (1-3-17) and (1-3-18) is never negative.

1-4. The spectrum of the surface in an arbitrary direction

Let us consider the curve in which the surface { is intersected by a perpendicular plane
in direction 6, that is, the plane xsin  —y cos @ = 0. The curve will represent a one-dimen-
sional random function, whose spectrum E; with regard to the wave-number %’ in this
direction bears a simple relation to the original spectrum E(u,v). We may call Ey(u') the
spectrum of the surface in the direction 4.

First, let x, ' denote co-ordinates in the #,y plane in dlrectlons parallel and perpen-
dicular to the dlrectlon g:

x' =xcosf+ysinb, y = —xsinf+ycosd. (1-4-1)

Reciprocally, x,y are given in terms of x’,y" by similar relations, but with the sign of §
reversed. On substituting in (1-2-1) we have

(= 36,008 (W' oLy’ +opt-+e,), (1-42)
n
where u, = u,cosf+v,sinb, v, =—u,sinf+wv,cosb, (1-4-3)

that is, the new wave-number u, is the co-ordinate, in the direction #, of the point (u,,v,),
and v, is the co-ordinate at right angles. We have also

on = o (g +07)} = ofJ/ (w +u.2)}- (1-4-4)
On the curve of intersection we have ¥’ = 0 and so
{= Yc,cos (u,x' +o,t+e,). (1-4-5)

The spectrum Ey(«') of this curve is defined as the function such that the energy corre-

sponding to any small interval («’,u'+du’) is Ey(x') du’. Thus if Y denotes summation
du’, v’

over the strip («',u' +du’),
E)du= 3 3 =du f E(u,v) dv', (1-4-6)
du’, v’ —c0

and therefore Ey(u') = fw E(u,v)dv'. (1-4-7)

In other words, if we take a section of the surface in any direction 6, the spectrum Ey(«')
of this section is found by integrating E(u, v) along the line through P = (u' cos, «’'sin f)

at right angles to OP.

41-2
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From equation (1-4-7) there follow some simple and fundamental relations between the
moments of the spectrum E,(«') and the moments of the original distribution E(u,v).
Let the nth moment of £, about the origin be denoted by m,(f). Then we have

m, (0) = f " Eyw) wrde = f "7 B, o) wrde do'. (1-4-8)

Since ' =wucosf+vsinf, v =—usinf+wvcosl (1-4-9)
d(u',v") "

and ) b (1-4-10)

we have m,,(0) :fw ) E(u,v) (ucosf+wvsin0)" dudo. (1-4-11)

After expanding the binomial and integrating each term we find
m,(0) = m, ,cos" 0+ (711) M,_y,1€08" 10 sin 0+ ... +my ,sin" 4, (1-4-12)

where m,, is the (p, ¢)th moment of E about the origin (equation (1-2-6)) and (f) denotes
the binomial coefficient.
In particular we have my(0) = myg, (1-4-13)

showing that the r.m.s. value of {(x’) is independent of the direction # and equals the r.m.s.

value of {(,). Next, my(0) = myqcosf+my; sind. (1-4-14)
If (@,7) denotes the centroid of the two-dimensional spectrum:

My My

(@,v) = (——— ), (1-4-15)

b
Moo~ Moo

and if %’ denotes the mean wave-number of the spectrum of {(x") we have

_, m(0) _ _ .
u = =1ucosf+7vsind, 1-4-16
m(0) (1416
which can be expressed as @' =wcos (0—0), (1-4-17)
where (u,v) = (Wcosf, wsinb). (1-4-18)

w and  may be called the mean wave-number and mean direction of the two-dimensional
spectrum. Thus the mean wave-number of E, (") is the projection of the mean wave-number
of E(u,v) on to the line of the section. The physical significance of this result will become
clearer in §1-5.
The second moment m,(6) is particularly important. From (1-4-12) we have
my(0) = myq cos? -+ 2my, cos 0 sin 6+ m, sin? 6. (1-4-19)
The maxima and minima of this expression are given by

My max. Mamin. = [ (Moo +Mg3) = {(Mag—mo2)+ 4mi1}], (1-4-20)
and these occur always in two directions at right angles, given by

2my, N

tan 201, = .
Moy — Mgy

(1-4-21)
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If 6, corresponds to the maximum we have

Ma(0) = Mimas, €O5? (0—0,) + My sin? (9—0,). (1e2)
The direction 0, corresponding to the maximum will be called the principal direction of the
waves. Now ma(0)\ 2
( __.) | (1-4-23)
Moo

is the r.m.s. wave-number in the direction §. For a long-crested system of waves the r.m.s.
wave-number is a maximum perpendicular to the crests and a minimum parallel to the
crests. In general, therefore, a convenient measure of the long-crestedness is given by the ratio

3
ey’ e
min. N
which we denote by 1/y. Thus we have
72 = Mymin, _ (Moo +Mog) — J{ (Mo —moy)*+ 4mi, } (1-4-25)

Mymax.  (Mag+Mog) +J{(Mag—mop)®+4m?, }*
When the condition (1-3-3) for a one-dimensional spectrum is satisfied we have
=0, 1lfy=oo. (1-4-26)

The two quantities 7,y , Moy, are clearly invariant under a rotation of the axes. Hence
we have also the invariants '
My max. T Mymin, = Mgy + Mgy = M, (1'4.27)

say, and My max, Mo min, = MagMgg— M7} = Ay, (1-4-28)

1-5. The wave envelope
By analogy with §1-1 we define the mean wave-number as the centroid of the energy

distribution: ©  ro
Mool = f f E(u,v) ududy = my,,
o (1-5-1)
Mgy = f f E(u,v) vdudo = my,
and we define also the mean frequency /27 by the analogous equation
My T = f f E(u,v) odudy = my, (1-5-2)
say. Now let (1:2-1) be written in the form
(=23 c,exp{i(u,x+v,y+0,t+¢,)} 1-5:3)

= R3¢, exp{i[(u,— ) ¥+ (v,—0) y+ (0,—7) i-+e,}exp {i(un+vy +71)}], (1-54)
where #Z denotes the real part. This expresses { as the product of a carrier wave
exp {i(ux+vy +7t)}, (1-5-5)
and a slowly varying amplitude function

peit = 3 g,exp (il(s,~7) -+ (0,~7) y + (0,~7) t-+¢,]}, (1-56)
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which may be called the complex envelope. (p and ¢ are real functions of (x,y,?), with
p=0.) Any other choice for the frequency of the carrier wave might have been taken; the
mean wave-number has the unique property that the secular increase of ¢ with x and y
is zero (as will be shown in § 2-8).

Comparing (1-5-3) and (1-5-4) we see that the real part of the amplitude function, i.e.
pcos @, has the same spectrum as {, only with the origin moved to (%,7); similarly for the
imaginary part. (p itself, however, is a different type of function, being essentially positive.)
The properties of the envelope, therefore, are defined by the moments of the energy dis-
tribution about the mean. Let

f f E(u,v) (u—u)? (v—2)?dudv = p,,. (1-5-7)

It is easily seen that Koo = Mooy fhio = o1 = 0, (1-5-8)
and oy = Moy —Umgy = (Mogmgg—miy) My,

fhyy = My —Womgy = (my; Mmoo —mygMyy) /Moy, (1-5-9)

Hog = Myy —VPmyy = (mggmeg—mGy) Moo

The second moment about the mean in a direction 6 is

Us(0) = pog cOS? 0+ 2p,, cos 8 sin 0+ py, sin? 0, (1-5-10)
and the principal direction of the envelope is given by
tan 20, = - L, (1-5-11)
Hao— Ho2

The angle f between the principal direction of the envelope and the principal direction of
the waves is given by

_ By (mog —mop) — 2y, (oo — Fron) (1-5-12)

== 2 - 0 - )
tan 2§ = tan 2(0,—0,) (fhop — M) (Mog—Mgs) + 4y, My,

Thus £ is a convenient measure of the skewness of the waves (see §1-1).

Consider again the curve of intersection of the surface with a vertical plane in direction
§. We may see that the envelope of this curve is simply the intersection of the two-dimen-
sional envelope with the vertical plane. For on the one hand we have from (1-5-6)

pei? = 3¢, exp {i[ (u,—u) &'+ (v,—0) y'+ (0,—0) t+¢,]} (1-5-13)
n
where u,, and v, are given by (1-4-3) and
W =1ucosf+vsinf, v =—usinf+vcosb. (1-5-14)
The intersection of the envelope by the plane ’ = 0 is therefore given by
peit = 3 o, exp il (,—@) &' + (7} —7) 15, (15:15)

On the other hand from (1-4-5) we may write
{w'st) = RS g exp {iL(,—7) ¥ -+ (7, —7) e, Ty exp i@y +70}],  (1:5-16)
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where %’ is given by (1-5-14). But we saw in § 1-4 that #’ is also the mean wave-number for
the function {(x’,£) and therefore exp {i(@'x’+v¢)} is, by definition, the carrier wave for
{(x’,¢) and (1-5-15) is the envelope; which proves the result.

1-6. A narrow spectrum

A case of special interest is when the energy is concentrated near a single point in the
spectrum, so that the component waves are nearly constant in wavelength and direction.
As we saw earlier, the conditions satisfied by the first-order and second-order moments are
that the left-hand sides of equations (1-3-14) are small. In terms of the moments this implies
Uoo - Hos KMoy + Mgy, OF equivalently

Hog+Hop < (@2 +0%) myq. (1-6-1)

The envelope of the waves, as defined in the previous section, then has some special pro-
perties. Ifin (1-5-2) we expand ¢(u,) in a Taylor series about (%, 7) we have

=" [ B [o@n)+@-n) 2 0@, +(0-9) 2o 7) |dudo

_ J . _ J '
= Mgy 0 (%, 7) +/‘loa_ﬂ‘7(“, v) —|—,u015_5_0(u, v), (1-6-2)
terms of higher order being negligible. Since p,, = py; = 0 we have
7 = o(t, ). (1-6-3)
In other words, the carrier wave is a free wave with the frequency and velocity appropriate
to its wave-number. Further, in (1-5-6) we may write
007 = (=) 4 (1,7) 20, (1-6:4)

so that pelt = > exp{i[(v,—%) (x+197/0%) + (v,—7) (y-+195/dv)]}, (1-6-5)

n

which is a function of (x+¢d7/du) and (y+¢d7/dv) only. In other words, the envelope moves
bodily with velocity

il 4
(—a—a', ——% . (16'6)
o being a function of w = (u24v2)? only, this velocity is
dw ow\do . do
_(ﬁ’% a——w-=—(cos9,smﬁ)a-ﬁ, (1-6+7)

which is the group velocity of the carrier wave.
Let axes be chosen so that the « axis passes through the centroid (%,%), making 7 = 0.
On expanding «?, = {&+ (u—1%)?}, by the binomial theorem we have

mo= | [ B o) urvrduds

— f_o.o _io E(u,v) [@0+put="(u—7) + ...+ (u—u)?] (v—7)7 dudv

= Wpgg+put ™ g+ ooty (1-6-8)
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In particular, since y#,, = #,, = 0, we have

Thus (1-4:9) becomes Mag = Whoo+Haos M1y = flrs Moy = Moo (1-69)
my(0) = uuyg c0os2 0+ (Uyy OS2 0+ 24, cos 0 sin 0+ py, sin? 0). (1-6-10)

Since sy, < (Haottgz)? it follows that all three moments gy, fy;, #o, are small compared with
@y, Hence my(f) has a maximum near § = 0,7 and a minimum near ¢ = 41#. In other
words, the principal direction lies along the axis of u. The long-crestedness y~! was defined
as the ratio of the r.m.s. wave-numbers parallel and perpendicular to the principal direc-
M 3

tions. Thus] o my(4m) _ ey (1-6:11)
my(0) Uy

Now in the neighbourhood of the centroid we have v = uf very nearly, so that

Hoz = J‘:o f:oE(u, v) w?02dudo. (1-6-12)

Hence Y200 =f°° ) E(u,v) 62dudo. (1-6-13)

In other words, y is the r.m.s. angular deviation of the energy from the mean direction.
Since the principal direction of the waves coincides with the « axis, the angle of skewness
f is the angle between the # axis and the principal direction of the envelope, that is,

2
tan2f = —L , (1-6:14)
Hoo— Hoz
It will be found convenient to introduce one further parameter for a narrow wave
spectrum: —
P v = (fao/WHo0)*- (1-6-15)

v is proportional to the r.m.s. width of the spectrum in the principal direction. We shall
show in § 2-8 that v~! is a measure of the average number of waves per ‘group’.

PArT II. STATISTICAL PROPERTIES

The fundamental statistical distributions of { and its derivatives are given in §2-1. The following
three sections are devoted to properties of the surface not involving motion, and the next three
sections to the distributions of velocities associated with these properties. Lastly, §§2-8 to 2-10
deal with the envelope of the surface and with properties which can be derived from it.

The distributions of the surface elevation { and of the two components of gradient 9¢/0x, 0{/dy
are normal in one and two dimensions respectively (equations (2-1-8) and (2-1-12)). The greatest
r.m.s. gradient is in the principal direction of the surface. The distribution of the magnitude « of
the gradient regardless of direction is given by (2-1-31) and figure 3. For very short-crested waves
the distribution is a Rayleigh distribution; for very long-crested waves it tends to a normal dis-
tribution, with an anomaly near o =0, the shape of which is shown in figure 4. The probability
distribution of the horizontal direction @ of the gradient is given by (2-1-37) and figure 5. It is
shown that as the long-crestedness increases, the direction of the gradient becomes more and more
certain to be near the principal direction.

In §2-2 is found the mean number of zeros of the surface along a horizontal line in an arbitrary
direction 6. The number N, per unit distance is given by (2:2:5). Thus N, is a maximum when 6 is
in the principal direction, and a minimum in the direction at right angles. The ratio Nymax./Nymin.
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is equal to the long-crestedness y~1. The mean number of times that the surface crosses a line at
arbitrary level is also found (2-2-12), and the mean number of crests and troughs of a plane section
of the surface in any direction.

The average length of a contour of constant height drawn on the surface is derived in §2-3. The
length 5 per unit area is given by (2:3-16). The distribution of the direction & of the normal to a
particular contour, at points distributed uniformly along it, is given by (2-3-23). As in §2-1, when
the waves become long-crested, the direction becomes concentrated near the principal direction.

Next (§2-4) the average density of maxima and minima of the surface per unit horizontal area
is considered. It is shown that the average density of maxima, Dy, is equal to one-half of the
average density of saddle-points, and to one-quarter of the total density of stationary points on the
surface. The actual density is given by (2-4-51), in the general case. For a narrow spectrum,
the density is given by (2-4-61) and table 1. D,,, depends not only on the long-crestedness but also
on a parameter a representing the peakedness of the energy distribution with regard to direction.

Passing now to properties depending on the motion of the surface, we consider in §2-5 the
velocity of the zeros of the surface along an arbitrary line. We find that the velocities have a
probability distribution given by (2-5-15). This is symmetrical about a mean value depending on the
first-order moments. Similarly, the velocities of maxima and minima of a plane section of the
surface have a distribution given by (2-5-19). These distributions are studied in the special case
of a-narrow spectrum. The width of the distribution depends on both the width of the energy
spectrum and on the dispersive properties of the medium.

The motion of a contour on the surface can be defined locally by the velocities of its points of
intersection with lines parallel to the axes of x, y (§2-6). The distribution of the reciprocals of the
velocities, which is simpler than that of the velocities themselves, is given by (2-6-21). The dis-
tribution is discussed in detail for the case of a narrow spectrum; the contours of constant pro-
bability are then concentric ellipses.

In §2-7 is considered the motion of the ‘specular points’ of the surface, that is, points where the
gradient of the surface takes a certain value. (Such points on the sea surface are, to a distant
observer, points of reflected sunlight.) The probability distribution of the two components of
velocity is given by (2-7-31). In the special case of a narrow spectrum the mean velocity of the
specular points is equal to the phase velocity of the carrier wave. The departures of the velocities
from the mean velocity have a distribution given by (2-7-37). This expression has been computed
for three different values of the peakedness a, and is shown in figure 12 g, b and ¢.

In §2-8 we consider some properties of the wave envelope, from which we derive some other
useful distributions. The distribution of the envelope function itself is a Rayleigh distribution
(2-86). The joint distribution of p, 8p/dx and 9p/dy is given by (2-8-15), from which it follows that
the envelope possesses a number of properties analogous to the original surface. The envelope also
controls the ‘grouping’ of the waves, and we find, taking a section of the surface in an arbitrary
direction 6, that the average length of a group is 2/N, where N is given by (2-8-26). Hence the
average length of a group is least in the principal direction and greatest in the direction at right
angles. We find the average number of waves in a group (2-8-27) and the condltlon that this shall
be independent of the direction 6 (2:8-28).

When the spectrum is narrow, the crests of the waves lie practically on the envelope, and so we are
able to deduce that the probability distribution of the heights of crests is approximately a Rayleigh
distribution (2-9-1). The distribution of the heights of maxima is found through the distribution
of the heights of the maxima of the envelope (2-9-8). This distribution is shown in figure 13 for
different values of peakedness a. The limiting case of two crossing swells (¢=1) is given by (2-8-12)
and is also shown in figure 13. ‘

Finally, in §2-10 is deduced the distribution of the 1ntervals { between successive zero-crossings,
or between the successive points of intersection of a straight line with a contour at fixed height. The
distribution of / for waves of all heights is given by (2-10-18). However, if the waves are classified
according to their height, the distribution of / is given by (2-10-23), and hence it is found that / is
less scattered for the high waves than for the low waves. The degree of scattering is inversely pro-
portional to the average number of waves in a group.

42 Vor. 249. A.
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2-1.  The distribution of surface elevation and gradient

Let &, ...,&, be n quantities, each the sum of a large number of independent variables
whose expectation is zero. Then under certain general conditions (discussed by Rice 1944,
1945; see also Cramér 1937) the joint-probability distribution of &, ...,&, is normal in
n dimensions:

1
P& -8 = (2m) B Al exp {—3M; .8}, (2-1-1)
where (M;) is the inverse matrix to

E) =86 & - & (2:12)
L5 LL - &
and A=|E;|. (2-1-3)

The elements of (E;;) are the mean products£,; of the variables £; and £; over the probability
space of the independent components. (E;) is a positive-definite matrix, for if «,, ..., q,
are any n parameters not all zero L
“z“jgigj = (2;§;)*>0. (2:1-4)
Now according to equation (1-2-1), { and also its derivatives are variables of this type.
Further, writing for brevity

u x—}—vny-l—a t4e, =9, (2-1-5)
we have (Zc (S¢,cos¢,)? = Egc,z,, (2-1-6)
since the phases are random. Thus »
O= [ " B o) dudo = my, (217)
and accordingly the probability distribution of §;, = {, is
(&) = (2 )1} % exp{— gl/zmoo} (2:1-8)
. . —2 “
simiarty 00 (o s m,
(3\?2 :
() = (~Sausing) = S datsk = ms (2:1-9)
o (Sea, ) (360,508 = 3 b0, = my,
The matrix of correlations for o
b3 = dx’ Oy (2-1-10)
is therefore M m
:‘.. = 20 11 o1
("‘z_y) (mll mOZ), (2 1 11)

and the joint-probability distribution is

P& &5) = o A%CXP{ (mog€8 —2my; E5€5 +mygE5) 1240}, (2:1-12)
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where A, = ’ Mo My | (2:1-13)
myy Mgy
The cross-correlations between { and d{/dx, d{/dy are given by
§ c (zc COS¢n) ( chunSin¢n) =0,
" (21-14)
g‘K (S6,005,) (— S e,,5m,) = O,
so that { and 9¢/dx, d{/dy are uncorrelated. The joint-probability distribution of
. (gla gz: g3) (ga 3§/3x, 0§/ay) (2°1'15)
is therefore given by DEsEnEs) = PIE) p(ErrEs), (2:1-16)
where p(§,) is given by (2-1-8) and p(£,, &;) by (2:1-12).
In general we find, by repeated differentiation,
( or+al )2
= Map, 2
3xpl9?/q ? (2.1‘17)

Foag GEITL

geragi e age — (OO My g 08 0,

and
according as (p+q—p’—¢') is even or odd. For example, the derivatives of order p+¢ = n
are not correlated with those of order p'+¢' = n+1; but they are correlated, negatively
in general, with those of order 7+ 2.
Slightly different results apply to derivatives involving the time ¢. We have from (1-2-1)
6§ Zc o,sin (u,x+v,y+0,t+e€,), (2-1-18)
and so the energy spectrum of 4{/dt is ¢2E(u,v). The correlations between the derivatives
of { and those of d{/d¢ are glven in terms of the moments

My =f f oE(u,v) uPv?dudv,

(21-19)
Myg = f_oo f_mUZE(u, v) utv?dudy
of the functions ¢E(u,v) and ¢2E(u,v). As in (2:1-9) we have
00\? ., 000 ,  0Cd ,
(9%) = Moos 5%,9_;% = Mo (9—5(9_5 = Moy, (2-1-20)
and in general P ]
(o) = o)
0b+a+l b+ o )
and (axl’ﬁngt) (3xp'3y§') = (_1)§(p+q =g +l)mp+p’,q+q: or 0, (2-1-22)

according as (p+g—p'—¢') is odd or even. Thus all the correlations of the spatial deri-

vatives of 3¢/dt with the spatial derivatives of { are expressible in terms of the odd moments
42-2


http://rsta.royalsocietypublishing.org/

JA '\

Y |

A A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A B

%

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

340 M. S. LONGUET-HIGGINS ON THE

of ¢E. The odd derivatives of d{/d¢ are all independent of the odd derivatives of { but are
correlated with all the even derivatives; and vice versa.

Let us now consider more closely the pattern of surface slopes. If the magnitude of the
surface slope is « and its direction is § we have

(k) = (gﬁ SC) (acosf, asin), C (2199)

d
and so ﬁ(“: 6) — 00((%: ggj)

P82 Es) = ap(Ess Es)s (2-1-24)
or from (2:1-12)
p(a,0) = ﬁ;exp{%az(moz cos? 6 —2m,, cos 0 sin O+mygsin?0)/2A,).  (2-1-25)
ey

If we take the x axis along the principal direction, so that m,, vanishes and m,,>m,, then

o2
p(a,8) = 2l exp { — a?(myy cos? 0+ myysin? ) [2A,}. (2-1-26)
For a fixed value of ¢, the r.m.s. slope is given by
& -
2
| “p(a, 0) da 2, .
e "~ Lmgy cos? 0+ my,sinZd (2:1-27)
[ pa,0yda | Ho &
0

The maximum r.m.s. slope, therefore, is in a direction @ = 0, that is to say, in the principal
direction. The minimum slope is in the direction at right angles to this.

The statistical distribution of the slope regardless of direction may be found by in-
tegrating p(a, ) with respect to ¢ from 0 to 27. We find

pla) = L% exp {—a?(myg +myy) [400} I [0?(myy —my,) [40,], (2-1-28)
2
1 2w . .
where Iy(z) = ero e—z5in0 4 : Ji(iz), (21-29)

I, being the Bessel function of order zero with imaginary argument (see Whittaker &
Watson 1952, chap. 17). Writing ’

a a
= == (2:1-30)
(myg+mgg)t M
for the relative slope, and y=! = (myy/my,)? for the long-crestedness, we have .
p() = 1y +y7Y) exp{—r2(y+r )} L[n2(r 2 —7?)/4]. (2:1-31)
This distribution is shown in figure 3, for y=1, 4, } and 0. When y = 1 we have, since
L(0) =1, p(n) = 2ge. (2:1-32)

Thus for short-crested waves the slopes have a Rayleigh distribution. Now as z tends to-
infinity, I(z) ~ (2nz)~%e# (Whittaker & Watson 1952, p. 373) and so when y is small we

have, for general values of 7, ond
p(n) ~ (;) e ¥, (2-1-33)
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35

Ficure 3. The probability distribution of the surface slope 4 = a/(m3, +m3,)?,
for different values of the long-crestedness.

1

1-0

08 e e T

0-6

2(n)

04

0-2

Ficure 4. The limiting form of the slope distribution close to the
origin, for a very long-crested surface.

In other words, for long-crested waves the slopes have in general a normal distribution (as
we should expect, for since the slopes are nearly all in one plane, the distribution of « is
the same as the distribution of d{/dx, which is normal). However, for very small slopes,
comparable with ym, we must use the approximation

p(n) = (fy) e L(n*4%), =SfQuly), (21-34)


http://rsta.royalsocietypublishing.org/

JA '\

/ y

A

a
{ )\
L 2

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A \
V. \
b

S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

342 M. S. LONGUET-HIGGINS ON THE

say. f(n/y) is plotted in figure 4. As 5/y 00, so f—> (2/m)*, which is the value of (2-1-33) at
the origin. The anomalous distribution near the origin appears to arise from directions ¢
which are nearly perpendicular to the principal direction; since the crests are only of finite
length, the chance of a very small slope in this direction is less than if the waves were
two-dimensional. Nevertheless, the integral of (2-1-34) from 0 to co is equal to 1, so that as
the waves become infinitely long-crested the contribution to the integrated probability
from the anomalous term is vanishingly small.

p®)

___._,// 0 \/E

1
—ﬂl/2 -7/3 —77’/6 g 77;6 /3 ﬂ/JZ

Ficure 5. The probability distribution of the direction & of the surface gradient for different
values of the long-crestedness. =0 is the principal direction.

Even when the waves are not long-crested, still for large values of
2t 1
~ (2 ~92 1.
Thus for large slopes the distribution always approaches a normal distribution ultimately,
provided y<1.
The statistical distribution of the direction § of the gradient is found by integrating
(2-1-26) with respect to « from 0 to co:

A}
(0) = 27 (myy cOs2 0 +myy sin? 0) * (21-36)
_ /4 1
or p(0) = 2m(y?cos? 0 +sin?0)’ (2:1-37)
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When y =1 (the waves are short-crested), p(f) is independent of § and there is no pre-
ferential direction for the slopes. As y diminishes the slopes become more and more con-
centrated about the principal direction (see figure 5). When y <1 we have in general

_ 7
p(0) = 2msin2 6’

which tends to zero as y—0. But near the principal direction, i.e. when @ is comparable
with y, we have

10) = 5ot gy

a distribution whose width is proportional to y. The integral of the distribution from
f/y = —oo toco is equal to %. Thus the probability that § is near zero is 4, and so also is the
probability that # is near 7. Hence it becomes almost certain that the gradient is nearly
in the principal direction.

It should be noted that the probabilities so far discussed are for points distributed
randomly and uniformly in the %,y plane. The corresponding probabilities for points
selected so as to lie, for example, on a particular contour { = constant, are different, as
will be seen in §2-3.

2:2.  The number of zero-crossings along a line

As in §1-4, let us consider the curve in which the surface is intersected by the vertical
plane xsinf = ycosf. A point where this curve passes through the mean level ({= 0)
may be called a zero-crossing of {. We shall now consider the number of zero-crossings of {
per unit distance ¥" measured along the line of intersection of the vertical plane and the
mean level.

The mean number of zeros for a random function of a single variable has been derived
by Rice (1944, 1945). We recall his argument briefly. { and d{/dx" are random functions
which we shall denote by £, and §, respectively. Suppose that { passes through zero at
some point %" in the interval (xp,x;+dx’), and with gradient d{/dx’ lying in the range
(2, €5 4-dE,). Then at the point x” = x, itself { lies in the range (0, —&,dx"), approximately,
i.e. a range of height d§, = | £, | dx’. The probability of this occurrence is

£(0,&,) | &, | dx’'dé,, (2-2-1)

where p(£,,£,) is the joint-probability distribution of (§,, £,). The total probability of a zero
in (o, x9+dx’) is found by integrating with respect to &, from —oo to co. Hence the total
number N, of zeros per unit distance is given by

No= f_wﬁ(o, £:) | €2 | d&,. (2-2-2)
Now the matrix of correlations for (§,,£,) is
g)=("™ ©° 2
(uij)—(o mz)’ (2-2-3)
and so by (2-1-1) g -
P&, 62) = WCXP{—&/ my—E3/2m,}. (2-2-4)
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On substituting in (2-2-2) and carrying out the integration we find
_ 1 (my(0) b 9.
No_ﬂ(mo(a)) . (2:2:5)

In other words 7N, is equal to the r.m.s. wave-number in the direction §. It follows at once
from §1-4 that
(1) the number of zeros is a maximum and a minimum for two directions at right angles, given by

00

2m
tan 26, = ——1 2:2-6
P gy —mgy’ ( )
(2) the maximum and minimum values of N, are given by
1
Nomax.s Nomin, = " [(ma0 +moz) = /{(mag—mgy)? + dmis}]E; (2-2-7)

(3) the number of zeros in a general divection 8 is given by
NG = Ni oy, €08 (0—0,) + N sin? (6—6,) (2:2:8)
(4) the ratio Nypin./Nomax. 15 given by '

7\7‘_: =7, (2°2'9)

0 max.

where y~! is the long-crestedness; for a narrow spectrum N /Nppax €quals the r.m.s.
angular deviation of the energy from the mean direction.

There are similar relations for the mean number of crests and troughs along the curve,
since these are simply zeros of the derivative d{/dx’. The energy spectrum of 9{/dx’ is u'?
times the energy spectrum of {. So the mean number N, of crests and troughs together is

v -1 (M)% (2-2-10)
m \my(6)
(the number of crests or troughs separately is half this). m, and m, can be expressed in terms
of the two-dimensional moments of E(u, v) by means of (1-4-12). m, is of the fourth degree in
cos f and sin @, and it is found that in general N, () has four maxima (in two pairs of opposite
directions) and similarly four minima; these can be found, if necessary, in terms of the
fourth-order moments m,q, My, ..., My, and the second-order moments m,, m,;, mq,.
In the same way the mean number N, of points of inflexion on the curve is

N, = }T (Zigzg), (2-2-11)
and the maxima and minima of N, are given in terms of the sixth-, fourth- and second-order
moments of E(u,v).

We may find similarly the average number of times that the curve of intersection
crosses the level { = §;. For in (2-2-1) and (2-2-2) it is necessary only to replace p(0,£,)
by p(&;,&,). Since &; and £, are independent, this simply amounts to multiplying by a factor
exp {—&}/2me}. So in the general case we have

N =1 (mz(ﬂ))%exp{——g%/Zmo(ﬂ)}. (2:212)

0w \my(6)
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By similar reasoning, the number of times N, per unit distance that the curve has a gradient

&, is given by 3
Ny =2 () exp (—g2m(0)}, (2:213)

and there are similar expressions corresponding to the higher derivatives of {(x).

2:3. The length and direction of the contours

Let us consider now a corresponding property in two dimensions. Imagine the surface
contours { = constant to be drawn in the x, y plane. Contained in any region 4 of the plane
there will be a certain length s of the contour { = {,. The average length of contour, being
proportional to the area 4, may be denoted by 54. The factor 5 is now to be evaluated.

dA
Ficure 6. The length s of contour intercepted by a small element of area dA.

Let P be any fixed point in the plane, and d4 the area of a small region surrounding P
(see figure 6). Let s denOt(; the length of a contour { = {, intercepted by the region d4,
and let n denote the perpendicular distance of the contour from P. Suppose that the
magnitude « and direction ¢ of the gradient are fixed. Then the height { of the surface at

P is given by [{—¢& | = an. (2-3-1)

For the contour to cut the element of area, the perpendicular » and the height { must lie
in certain small ranges (n;,7,) and ({;,{,). If now a, 8 are allowed to vary within small
ranges («,a+da), (#4-df), the expectation 5, ,dAdadf of s over the area d4 is given by

& n
5, pdAdadd — f ;sp(g, a,0) d¢dadf = f :s[)(g, a,0) adndedd, (2-3-2)

where p({, «, §) denotes the joint distribution of {, , 6 at P. Since {, a, § are nearly constant
over the small range of integration of n we have

Sesodd = ap((,,0) [ “sdn = ap({, 0, 0) d4, (2:3-3)
and so Su,0 = op(C, 0, 0). (2-3-4)
Integrating over all possible values of «, § we have
o M277 o (27
5= fo fo 5, pdadd = fo fo ap (L, a,0) dudo. (23-5)
Now from §2-1 P& a,0) = p(0) p(a,0), | (2-3-6)

43 Vor. 249. A.
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where p({) is given by (2-1-8), with §, = {, and p(a, §) is given by (2:1-20). On substituting

these values in (2-3-5) we have

— 1 9 o P27 .
= en¥ (mo A —&%2 2 —a? 20 26)/2A,} dadd.
’ (2m)? (mooAz)%exp{ & mOO}fo fo o exp {—a?(mo, cos® 0 +my sin® ) [24,} 0‘(2 3+7)

(It has been supposed that the x axis is taken in the principal direction, so that m,; vanishes.)
Integration with respect to « gives

- A, ) f?ﬂ dg
- g2 , 2:3-8
: dmmd, exp {—&%/2mqo} 0 (mgysin? g +m,,cos? @)t ( )
where ¢ = 0+ 4m. That is to say
- im dg
_ 02 29 f _ . 2.3-9
’ ﬂ(moomzo)%exp {=€/2moo} o (1—k2sin2g)® ( )
where k2 =1—92 (2-3-10)
Now since d k?sing cos g BR—1
= Y — (1 —k2sin24)? —, 2:3-11
g (1—kesimzgyt — O RS T (2311)
it follows, on integration between 0 and }#, that
(1—£2) ] r__dp f " —kesin? g)t dg — E(k) (23-12)
o (L—A%sin2g)¥  Jo ’

where E(£) is Legendre’s complete elliptic integral of the first kind (Legendre 1811).
Hence we have finally

3 :
= 1 (P20 2) exp (—2f2me (1-49%) B/ (1) (2:3:13)

In the special case of long-crested waves, when y = 0, we have E(1) = 1 and further

Mgy = My(0), Mgy = 0, (2-3-14)
3
giving 51 (7_72_2_(92) exp {— %/2my}. (2-3-15)
T\ Mg,

Comparison with (2-2-12) shows what we might expect, namely, that the mean length of
contour per unit area is equal to the mean number of crossings of the contour level per unit
distance by a plane perpendicular to the wave crests.

In general (2-3-13) may be written

5= 71r (@%nﬂ)% exp {—{%/2mgo}/(7), (2-3-186)

where S) = 1+9y3)FE{/(1—y)}. (2-3-17)
This function is shown in figure 7. At the two extreme values we have

J(0)=1 (2-3-18)

and A1) =2—:’/2= 1-1107 ... (2:3-19)
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Throughout its whole range the function departs very little from unity. There is, however,
a weak singularity at the origin, where

F0) = 1+1(In 5—5) + 0" Iny). (2:3-20)

A very closely related distribution is that of the direction 8 of the normal to a given con-
tour. Let us suppose thatfis measured at points randomly and uniformly distributed along
the contour. 4 is also the direction of the surface gradient at the point of measurement.
However, the distribution of # for a given contour is quite distinct from the distribution
of 4 found in § 2-1, where it was supposed that the angle was measured, not on a particular
contour but at points randomly distributed in the x,y plane.

12
1110

108

J)

104

102

100 1 1 1 1
0 02 0-4 0-6 0-8 ISO

Y
Ficure 7. Graph of f(y) = (1 +92)~t E[J(1-9%)}.

To find the distribution p(f), for the contour { = constant we may note that the con-
tribution of a given length of arc to the distribution of § in the interval (6, 8+ d6) is simply
proportional to the expected length of arc for which 4 lies between these limits, that is,

p(6) dboc f *3,. o dudf. (2:3-21)
0

On normalizing the right-hand side by dividing by 5 we have

1=, 1>
PO =3[ Fupda =3 [ ap(6,,0) do. 23:22)
Substituting from (2-3-6) and (2-3-13), and carrying out the integration we find
1 y?
4E{/(1—7%)} (y? cos? 0 +sin? )}

p(0) = (2-3-23)

43-2
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(where @ = 0 is chosen as the principal direction). The form of this expression is somewhat
similar to (2:1-37). When y = 1 (for short-crested waves)

1

p0)¢ =5 (2-3-24)
i.e. the contours have no preferential direction. As y diminishes the distribution becomes
more and more concentrated about the mean direction § = 0. When y is small, we have

for general directions »?
p0); = risp (23-25)
which tends to zero as y— 0. But near the mean direction, that is, when ¢ is comparable
with 7,

2
0), = —L—. 2:3-26
The integral of this expression from 6/y = —oo to co is equal to 4. Thus the probability
that 0 is near zero is 4, and so also is the probability that § is near 7. Hence it becomes
highly probable that the direction of the contour is near the principal direction.

2:4. The density of maxima and minima

Let us consider now the problem of how many maxima and minima (humps and hollows)
the surface possesses, on the average, per unit area.

At a maximum or a minimum the two components of gradient d/dx, d{/dy must vanish.
But not all such points are maxima or minima; we may also have a col or saddle-point,
where the surface tends to rise in one pair of opposite directions and fall in another pair of
opposite directions. We shall prove the following theorem:

On a statistically uniform surface the average density of maxima per unit area plus the average
density of minima is equal to the average density of saddle-points, or

Dma.‘l’Dmi. = Dsa.~ (2'4‘1)

Let a contour map of the surface be drawn, and let a direction ¢ be assigned to each
contour, say to the right when facing up-hill. Thus at each point of the plane, except the
stationary points, there is a unique direction ¢. Consider now the variation of ¢ round a
small closed curve C on the map (see figure 8). C may at first be so small as to contain no
stationary point, in which case ¢ will return to its initial value after the circuit is completed
(figure 8 a). If now C'is expanded so as to enclose a single stationary point, ¢ will increase
by 27 on completion of the circuit C if the stationary point is a maximum or a minimum
(figure 8 b and ¢), and will decrease by 27 if the stationary point is a saddle-point (figure 8 d).
As C'is further increased in size, so as to enclose dma. maxima, dp;, minima and ds,. saddle-
points, say, the variation of ¢ round C will be 27(dma. + dmi. — dsa.) , 01 2A(Dma. + Dmi.— Dsa.)
approximately, where 4 is the area enclosed by C. But since the surface is statistically uni-
form, the variation of ¢ round C will increase proportionally to L at most, where L is the
circumference of C.* On the other hand 4 increases like L2, supposing C is of constant
shape. Thus 27(Dma.+ Dmi.— Dsa.) is proportional to L~! at most, and letting L tend to
infinity we see that (D, +D,; —D,, ) must vanish. This proves the result.

* In fact it may be shown that the increase is proportional only to 2.
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Ficure 8. Illustrating the way in which the contour direction varies round a curve enclosing
(@) no stationary point, (4) a maximum, (¢) a minimum and (d) a saddle-point.

2 <

—

O H
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=) (®

O . . : . . :

~ Ficure 9. (a) Stationary points on a surface which consists of two intersecting wave systems.

@ =2 maximum, O =a minimum, + =a saddle-point. () Stationary points in a hexagonal
pattern.

A simple example is shown in figure 9 a. The surface consists of two long-crested systems
of waves of slowly varying amplitude. Where a crest from one system intersects a crest from
the other system there is a maximum, and where two troughs intersect there is a minimum.
But where a crest from one system intersects a trough from theother there is a saddle-point.
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The pattern of saddle-points is similar and congruent to the pattern of maxima and minima
together, so that (2-4-1) is satisfied.

On this surface the density of maxima is equal to the density of minima. But a case in
which this is not so is illustrated in figure 9 . Here the maxima are at the centres of the cells
of a hexagonal honeycomb, the minima are at the vertices and the saddle-points are half-
way along the edges. There are twice as many maxima as minima, and three times as many

saddle-points, so that D,, =2D,, D, —1D, . (2-4-2)

In general it can be shown that the stationary points must form a cellular pattern, and the
theorem (2:4-1) then follows from Euler’s relation ¥+ F = E-2 connecting the number of
vertices V, faces F and edges E of a convex polyhedron (Euler 1752—3; Sommerville 1929,
chap. 1x).

The class of random surface represented by (1-2-1) satisfies the further relation

Dma. = Dmi.' (24'3)

For the phases ¢, of the component waves are randomly and uniformly distributed between

0 and 27. The statistical properties of the surface are unaffected if a constant, 7, is added to

each phase. But this reverses the sign of { and converts maxima into minima, and vice versa.
From (2:4-1) and (2-4-3) it follows that

ma.

Dsa‘ = 2D, =2D,; (2.4.4)
and if Dy, denotes the total density of stationary points per unit area of the surface
| ‘Dsta. = 2Dsa, = 4Dma. = 4Dmi.' (2‘4‘5)

In other words, of all the stationary points on the surface, one-quarter are maxima, one-
quarter are minima, and the remaining half are saddle-points.
We proceed now to evaluate Dy, in terms of the energy spectrum of {. The variables

entering the problem are ’ o 246
a_xﬁ a—y‘ = §2, §3 ( )

0% 9 0 4
and 0x%’ Ixdy’ Iy® S e

say. (£y,&,) is a pair of functions of (x,y), and if (x,y) varies within a certain small region
d4, = (x,x+dx; y,y+dy), (&, &) will vary within a region d2'of area

|dX| = |J||d4], . (2-4-8)
where J— g{%%) ) (2-4-9)

The probability that a given point, say a stationary point, lies in d4 is equal to the pro-
bability that (&, &;) lies in the corresponding region d, which is

J‘:) f_: _:dg‘* d§5 d&s ffdgz désp (€ &ss 4> 5 &6)- (2-4-10)
dx

Since (£,,£;) = (0, 0) somewhere in dZ, p(&,, &, &4, &5, €5) may be replaced by
[7(05 O> §4a 553 ge) '
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when d2 is sufficiently small, and since

f d&,dg, = |dZ), 2411)
dar
the above probability becomes
[7 7] aiagses a219(0,0,60 88 (2412)

On substituting from (2:4-8) we have for the probability of a stationary value of { in d4,

Dadd =" [7 [ (0,068 8) |EE—E| dEudbsdfedd.  (2413)

For a true maximum of the surface we must have {, <0, { <40 and J > 0; for a true minimum,
£,=0, £=0 and J>0. Thus the true maxima and minima correspond to the region of the

(€5, &5, &) space given by J=E,£,—E>0. (2-4-14)

The boundary of this region is the surface J = 0, which is a cone with vertex at the origin.
The remaining part of the (&,, &5, &) space corresponds to the saddle-points.

Now since the second derivatives §,, &;, §¢ are uncorrelated with the first derivatives
&s, &5 (see §2-1) it follows that

(825835845855 86) = P(82583) £ (845 &5 E6)s (2-4-15)

where p(£,, &;) is given by (2-1-12) and p(&,, &5, &) is the distribution for (,, &, &) indepen-
dently of the other variables. The matrix of correlations is

- Myg M3y Moo
(By) = ms1 mgy my), (2-4-16)
Moy My3 Moy ‘
1
and hence P(Es &5 86) = WCXP{—%Mngs 43 (2-4-17)
4
where (M;) is the inverse matrix to (E,;) and
A= |E;|. (24-18)

Therefore, altogether we have for the density of stationary points

Dy, = @ﬂ—,;zk‘%'&%fjwffwffwexp{_%Mijgﬁs j+3} | E4s—E2 | d§,dg;dgs.  (2-4-19)

The density of maxima is given by a similar integral taken over the region £,<0, £<0,
J>0. The density of saddle-points is given by the same integral taken over the region J < 0.
Since (E;) is a positive-definite matrix, so also is its inverse (M};), and there exists a real

linear transformation
(845 €55 86) = T (111,135 13) (2-4-20)
which simultaneously reduces the exponent in (2-4-19) to the unit form
Mij§i+3 i3 T ni+n5+n3 (2-4-21)

and J to a diagonal form Ebs—E2 =L+ 1m3+1m3. (2-4-22)
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352 M. S. LONGUET-HIGGINS ON THE
The quantities /,, /,, [; are easily found, for they are the roots of
|o;—IM;| =0, (2-4-23)
where (0;) is the matrix of J:
o 0 1
(aij) =10 —1 O0]}. (2-4-24)
| 8 0 0
On multiplying (2-4-23) by | E;; |, = | Mj;! |, we have
| B0 —104] =0, (2-4-25)

where Sij is the unit matrix of order 3. In other words /;, [,, /; are the latent roots of (E; 0;;) :

1
dmgy—1 —mg 2Myg
1 1 _ -
1 1
Moy —Mmg 3mgy—1

On expanding the determinant we find

43 —3HI—A, = 0, (2-4-27)
where 3H = myymy,—4mgymy g+ 3m3,. (2-4-28)
Hence L+l+l,=0 (2-4-29)
and Ll = $A,>0. ' (2-4-30)

It follows that one of the roots, say /;, is positive and the other two, say /,, [, are negative.

We write L>0>1,>l, (2-4-31)

The solution of the cubic equation (2-4-27) is

(hy 1y, I) = H¥(cos ¢y, cos ¥y, cos ¥3), (2-4-32)
where ¥, ¥,, ¥3 are the roots of cos 3y — AJHY. (2-4-33)
The modulus of the transformation 7"is
J (54, gs, gs) -+ A} 2.4
= AL 4-34
(11> 95 73) = My t ( )
We find then D, = @ )%A%I(ll,lz, ly), (2-4-35)

where -
Lyl = [ 7 [ exp{—303-+a3+m)} | Lnt+Lons+lyn | dyydnydy. (24:36)
The density of maxima is given by
Dma. (2 )&A,},:I,(llslm 13)9 (2'4'37)

where  I'(ly, by l5) = f [[exp {303+ 13+-10} | L+ o+ 1393 | dpanady,,  (2:4:38)
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and V is the conical region

1>0, hLni+hri+1n3>0. (2-4-39)
Clearly 4r'~1= [~ " " exp{—(st+13-+ 19} (h13+Lor-+La13) dn, dpd
= (2m?} (l, +1,+1), ; (2-4-40)
which vanishes, by (2-4-29). Thus
| : I= 41’9 Dsta. = 4:Dma.’ (24'41)

in agreement with (2:45).
The integral I’ may be evaluated by means of the substitution

mo= I,
7y = (—1,) ¥ rsinfcosy, (2:4-42)
73 = (—1;)¥rsind sinx,}
where 0<r<oo, 0<O<im, O<y<2m. (2-4-43)

We have then

© 3 2w
1'_—_771—1«); J dr f do f dxexp{——(l—}—fsinzﬁ) /2l rtcos* 0 sinf,  (2-4-44)
3

where S=flx) = -7 cos2 X— % sinZy. (2-4-45)
3
Integration with respect to 7 gives
4 3¢ sind
= 3( 3 f f _cosTusmy. . 92.4-46
Gm* 13)% X1 fein2 )t (2-4-46)

Further integration with respect to  gives

I' = 4(4m) (2-4-47)

2 (i [1 2 2 ]
dyx| 72— 5+ =——= |
Lt AP
This is an elliptic integral and may be evaluated by known methods (Legendre 1811).
We find finally

sw%[(zz {( —h ) E(k, ¥m) — (lz_’f ll)%F(k,%ﬂ)}
— (L +1+1) {F(k', ¢) E(k, §m) +E(K', ) F(k, 3m) —F(K', §) F (£, 3m) —“%ﬂ}]a (2-4-48)

where E and F are the Legendre elliptic integrals of the first and second kind:

E(kg) = [ (1—ksintg)idg,

¢ 2:4-49
F(ka 9) = f (1—A?sin? @) -3 dg, ( )
0
L(l,—1,) , L(l,—15) _ B\#
2 “1\t37 %) 21 g2 2lli—es - N 4-
and k L =) k 1—£ L =L)’ ¢ = tan ( 11) . (2-4-50)
If we now make use of the condition (2-4-29) we find for the density of maxima
1 (L), ™
Do, = 5 [ (42 Btk 4m) - ( ) Fkam . (2:4-51)

44 Vor. 249. A.
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The density of stationary points Dy, is four times this value.
Equation (2-4-51) may also be written

SOCIETY

OF

AL A

SOCIETY

OF

1!
Dy = 53 Bl%-@( —bL/h), (2-4-52)
140\ L a \} L
where D(a) = {u(1—a)} [(T E(k, 37) — (m F(k, g71)],
(2-4-53)
: B2 1—2a 0<q<l
1-00
0-98
— 096
B
L=
0-94
0-92
090 1 L 1 1 1
0 01 0-2 03 0-4 05
[¢
Ficure 10. Graph of ®(e) (defined by (2-4-53)).
The form of ®(a) is shown in figure 10. When ¢ — 0, k2 — 1 and F(k, }7) —c0 logarithmically.
Hence oF (£, ) — 0 and lim ®(a) = 1. (2-4-54)
a—>0
Also when a = %, £2 = 0 and so
B(L) = (82 —3H)n/4 = 0917 .... (2:4-55)
Throughout the whole of its range, @ departs very little from unity.

A particularly interesting case is when the energy spectrum E(u,v) is narrow. Let us
take axes of (u,v) so that the u axis passes through the centroid (%, ), making ¥ = 0. Then on
substituting from (1-6-8 and 1+6-9) and retaining only the terms of highest order we find

Ay = WHgotiozs
SH = u*(pooptos+ 3443) (2-4-56)
Ay = 8 (oo oz tos— Hoo ks —Hia) -
NOW Hgo» Hoz> Hoss Hos are moments of the energy spectrum £y, of a section of the surface at
right angles to the mean direction. We have
oz = (V&) 2oy, prog = b(y)*mog,  fhog = a*(yi)* myo, (2-4-57)
where 77! is the long-crestedness (defined in §1-4), a2 is a non-dimensional parameter

(always greater than 1) which represents the peakedness of the spectrum Ey,, and b is a
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measure of the asymmetry of £, about its mean (but is independent of the angle of skewness
p). If we assume gy; = 0 and so b = 0, we have

A, = (ya?)> mi,
H = (ya?)*mfy(1+a?[3), (2-4-58)

Ay = (y#?)°miy(a*—1)
and so from (2-4-32)

(b by Ly) = (v4?)?moo(1+a?[3)} (cos ¥y, cos ¢y, COS V), (2-4-59)

h g — 1 2:4-60

winere | COS !ﬁ-— (]_—!—-a-—2/3)—%. ( )

Thus from (2-4-52) we have D, — yCla), (2-4-61)
1 cos

where C(a) = i (1-+/3)¢ cos B~ 3’2) (2-4-62)

which is a quantity depending only on the peakedness a. For a given peakedness, D, is
proportional to the square of the wave-number of the carrier wave and inversely pro-
portional to the long-crestedness y~!. To illustrate the effect of varying peakedness, C(a)
has been computed for a number of different values of @, including some interesting special
cases. The results are given in table 1.

TaBLE 1
a? C(a) a? C(a) a? C(a)
1 0-0507 4 0-:0695 8 0-0880
2 0-0562 5 0-0747 9 0-0919
2 0-0578 6 0-0794 10 0-0956
3 0-0639 7 0-0838 20 0-1265

a? = 1 corresponds to a pair of intersecting wave trains, for then A, vanishes (by (2-4-54)),
which is the condition for the spectrum to degenerate into two one-dimensional spectra
(equation (1-3-7)). In the limit as a?— 1 we find from (2-4-60) that

(%19 %29 ¢3) = (i%ﬂ’ i%ﬂ’ :‘:%ﬂ):

1
C = 55 = 0-05066.... (2:4-63)

and hence

This is what we should expect, for the wavelengths of the pattern in the « direction and the
v direction are 2m/wand 27/yu respectively. Reference to figure 9 a will show that each maxi-
mum is at the centre of a parallelogram (bounded by troughs) whose diagonals are of
length 27/u and 2n/yu, and whose area is therefore 27%/yu?. The density of maxima is the
reciprocal of this area, i.e. yu%/2n2.

The case a? = £ has been included, since this is the peakedness of a low-pass spectrum,
when the wave energy is uniformly distributed with regard to direction over a narrow
sector. a? = 3 corresponds to a normal distribution of energy with regard to direction.
Another special case is a2 = 9, when (¢, ¥y, ¥5) = (0, +2m, 4+-27), and so

C= Zl% (3t —3-%) = 0-09189.... (2-4-64)

44-2
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Finally as a—oc0 we find 2 v
CN ‘1———”2——>OO. (2’4'65)

On the whole, however, the variation of C with a is slight. As @? increases from 0 to 10, C'is
less than doubled.

The density of specular points, i. e pomts on the surface where the gradient takes a given
value, not necessarily zero, may be found similarly. For it is only necessary to replace
£(0,0,8,,&5, &) in equation (2:4-13) by p(&,, &5, &4, &5, €6)» and, from equation (2-4-16), this
amounts to multiplying by the exponential factor in (2-1-12). So the density Dy, of'specular
points with gradient (£,,&;) is given by

Dsp. = 4D, exp{— (mg&3—2m;;§,85+my0E3) 245}, ’ (24-66)

where D, , is the density of maxima.

ma.

2-5.  The velocities of zeros along a line
In this and the following two sections will be considered some statistical properties of the
surface which depend on its motion, that is to say properties involving the time &.
Let {(«’, ) denote the curve in which the surface is intersected by a fixed vertical plane
in direction . Consider the movement of a point where the curve crosses a fixed level {. If
%’ and x’ -+ dx’ are its co-ordinates at two successive instants of time ¢ and ¢+ d¢, then we have

¢ ¢ .5
0= df = = da' 45 dt (2:5:1)

Therefore the velocity of the point is given by

de Yot

=T ot (2:5:2)

Consider now the statistical distribution of ¢.

‘Let the variables {, d{/dx’, d{/dt be denoted by &, &,, &; respectively, so that ¢ = —&;/&,,
and let p(&,, &,, ;) denote the joint distribution of ¢, £,, £; at an arbitrary point 1" on the plane
section. The probability distribution of &,, £; at points #” where £, takes a given value will
be denoted by p(£,,£s),- This may be found as follows. If (x’,x"+dx’) is any fixed interval
of distance, the probability of §; taking the given value in (x, x"+dx’) is

Ny(§,) dx’ (2-5-3)
(evaluated in § 2-2). Butif, at the point #’, the variables £}, £,, &; lie in certain ranges of width
d§,, d§,, d&;, then we have dE, = |£ | v, (2:54)
so that the probability of ¢, taking the given value in (', x'+d#") and of §,, £; lying in the
given range i D(81, 85, €5) dE1dE,dEs = (€1, €5, E5) | €1 | da’ dEydEs. (255)
The probability of &,, &; lying in the ranges d&,, d&; given that £, crosses the given level in
(x’, 5" +dx’) is the quotient of (2-5-5) and (2-5-3).~ Hence

§(En £, = oLl | E2], (2:5-6)
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Now the matrix of correlations for &, £,, £; is

my 0 O
(By) =0 m m], (2+5°7)
0 my my

and therefore

P66 E) = G5, P (B2} o {— (mi—2mi by tmaf)j200), - (2:5°)
042"

(27 |
where A, = mymy—mi?. (2-5-9)
From this and (2-2-12) we have
1 4 ’
P &s)e, = ;@}W | Eo | exp {— (mg€3 —2m1£o85+m,E5) /20, ). (2:5:10)
We require now the statistical distribution of —&;/§,. Writing
—&fy=¢, L=< (2-5-11)
. d(c,c'y & ¢
2:5:10), so that L =B 2.5-12
in ( ), so tha AELE) & ( )
’ 1 2 " ’ ’
we have (e, ¢, = 2(2m)F (A & exp { — (mg/c?+2m; [c+m,) ¢'?[2A,.}. (2+5-13)
The distribution of ¢ is found by integrating with respect to ¢’ from —o0 to co. Thus
1 Ay[m}
1 , 2-5:14
P(c)g‘ 2 (m6+2m{c+mzc2)% ‘ ( )
1 Ay [m3
or Cg, = = s 2:5:15
P =22 + Ay (B15)
where T = —mj/m,. (2-5-16)

This distribution has a maximum or mode when ¢ = ¢ and is symmetrical about this mean
value. The second moment of the distribution is divergent, but the interquartile range is
given by 2 A}
Jamy'
It will be seen that the distribution (2-5-15) is independent of the height &, at which the
velocity is measured (provided this height is constant).
We may consider similarly the distribution of velocities of points on the curve baving
a given gradient (say, zero). The velocity of such a point is given by
. 0%/« ot
V7 022
Hence the probability distribution is the same as for the velocities of zeros, except that the
index of each of the moments is increased by two. Thus

(2:5-17)

(2:5-18)

_1 Ay [mg R,
p(cl) "— ) [(6—51)2+A4'/m2]§’ (2 5 19)
where Ay = mymly—ms? (2-5-20)

and ¢, = —my/my. (2-5-21)
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358 M. S. LONGUET-HIGGINS ON THE
This is a distribution with mean ¢, and interquartile range equal to
2 A}
:/—:'3' ;2‘;‘ . (2'5‘22)

Similar distributions can be written down for the velocities of points having given higher
derivatives of {.

Let us interpret the above results for a narrow spectrum. Without loss of generality we
may take the u axis to pass through the centroid. On expanding in a Taylor series about
this point we have

'n 1 9? 02 0? 'n 4
m, = u "ty + Q(ﬂzoa—zﬁ‘!‘zﬂum—l-ﬂmw) ur+...,
N V. 2 2
m, =u n"/‘oo’f‘é (ﬂzoW““zﬂu m‘l‘ﬂoz g;ﬁ) ") +..., ¢ (2-5-23)

” S 1 02 72 72 A
m, =1u 0#00“‘5(/‘203—1‘2‘*‘2/411(‘7”—3;’1‘/‘02%“2 (u'"a?) +...,

/

where %', v" and ¢ are to be evaluated at (%, 0). Suppose that § = 0, that is, let the plane of
intersection be taken parallel to the principal direction. Then #’=u and, ¢ being a function

of (u2+v?) only, ’ P P2
From (2-5-16) and (2-5-21) we find first
E=7¢, =—o/u (2-5-25)

showing that the mean velocities of zeros and of specular points are equal to the phase
velocity of the carrier wave. Also from (2-5-9) and (2-5-20)

Ay = ﬂooﬂzou:(a/u_aa/au)z’} (2-5-26)
Ay = oot u®(0/u—do[0u)?,

so that éé — é%*-' = (&29)% ofu—do/du (2-5-27)
my My \foo U .

Thus the interquartile ranges of both the velocities of zeros and the velocities of specular

points are equal to 9
:/—3V(§~~ I, (2-5-28)
where v is defined by (1:6-15) and I" = do/du is the group velocity of the carrier wave. Thus
we see that the width of the velocity distribution depends both on the r.m.s. width of the
spectrum (given by vz) and also on the dispersive properties of the medium. If the medium
is non-dispersive, I' = ¢ and so (2-5-28) vanishes. This is what we should expect, since in
a non-dispersive medium a long-crested disturbance advances without change of form and
the zeros and specular points move with uniform velocity in the direction of wave pro-
pagation. ‘
For gravity waves in deep water the group velocity is half the wave velocity and so the
interquartile range equals v¢/./3.
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2-6. The motion of the contours

Consider first how to define this motion. Let P be a point in the plane lying on the contour
{ = constant. A moment later the contour at the same level will have moved to a new
position, say QSR (see figure 11 a). If PQ and PR are axes parallel to Ox and Oy, the rates
at which PQ) and PR are increasing, which we denote by ¢, and ¢, define the local displace-
ment of the contour uniquely, and we have

_(_9¢/or Lot .6-
(cmcy) - (_ma —_m) (2 6 1)
R R
S
Vv Y
P o\ P U \e
(a) (d)

Ficurk 11. Definition of the motion of a contour (a) by its intercept
on an arbitrary line, () by its normal displacement.

However, if we take a line through P in an arbitrary direction #, and if this line intersects
the displaced contour in § (figure 11), then it may be shown that

1 1 1 .
?TS=PQ—COS¢9+}—,—Rsm0, (2:6-2)

and so if ¢ is the rate at which the intercept PS§ is increasing

1 1 1.
E—c—xcosﬁ—i—c—ysmﬁ. (2:6:3)
This shows that the reciprocal quantity (1/c, 1/c,) is transformed like a vector, but not

(¢,s¢,) itself. It is therefore more appropriate, and in fact more convenient, to consider the

distribution of |
istribution o v (ko)) = (Lfeo 1/2,) zb(_%%‘;_’;, M%g—ty)’ (2:6-4)

rather than the distribution of (¢, ¢,). However, each may be derived from the other by
a simple substitution. For since

d(k, k) 1

b Sl B 77 = K22 -6

Woge) — a2 KZKZ, (2-6-5)

we have plesc,) = 2275/’("”’ K,)- (2-6-6)
xCy

The distribution of the velocities of the contours normal to themselves can also be found.
In figure 115, T is the foot of the perpendicular from P to QR, and TU, TV are drawn
perpendicular to PQ, PR. It can be shown that

py—FPOPR:  pyy  PQ?PR

Qrz > VT QR

(2:6-7)
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360 M. S. LONGUET-HIGGINS ON THE
and hence the components of the normal velocity are
AN K, ) .
(9 9,) = (c§+c§, c§+c§) = (K§+K§, 1) (2+6°8)
Solving, we have
— qyc qy ) a( X9 _1/) —_ 1 . 2'6'9
o) = (i Era) dag) ~ @D =69
d 2:6-10
and so (4. Qy) (q§+qy)2p( ) y) (2-6:10)
: 9¢ 9f o _ -6-
Let us write Ca 9}) @a & - §1’§2’ §3a §4a (2 6 11)

and let p(£,,£,,&;,&,) denote the joint distribution of &, &, &3, £, at an arbitrary point P
in the (x,7) plane. Werequire the joint distribution of £,, &;,£, at points distributed uniformly
along the contour {, = constant. Let this be denoted by p(£,,£3,8,)e- To find this dis-
tribution let d4 be a small area surrounding P. If{,, &;, £, at P are restricted tolie in certain
ranges of width d&,, d£,, d&,, the contribution of the area d4 to the distribution over these
ranges is, by the argument of § 23,

P(E15 &, 83, E4) ad A dE,dE5dE,, (2:6-12)
where o = (£34£2)%. But the total expectation of contour length over the area d4 is 5d4

(see §2-3). Hence we have .
D(EarEss €, = &+8) /’(gbgza €3 §4) (2:6:13)

Now by §2-1, the elevation £, is uncorrelated with the first derivatives &,, £;, £,. Therefore

(1582, 83564) :P(gl)[’(gz, £3:64)s (2-6-14)
where p(§,) is given by (2-1-8). The matrix of correlations for (£, &3,&,) is

4
Moy My My

(E;) = | my ’moz my |- (2-6-15)
My Moy Moo
HCIICC p(§29 g33g4) (2 )QA%CXP{ 5j§i+1 j+1}3 (2'6‘16)

where (M) is the inverse matrix to (E;) and where Ay = |E;|. On substituting these
values in (2-6-13) we have

_ 1 (493 2% 1 .6
l)(§2’ 53’ 54)& ”‘ 47r(m20—|—m )%Ag E{J(l __,},)2} (gz +53) eXp{_‘fMjgiH j+1}- (2 6 17)
02
Writing now k= —Efey K, = —EsfE K= (2-6:18)
so that k) L1 (2-6:19)

5(52: 533 g4) g% B K2,

we have
1 (1 —1—7

Ky Ky K
Pl K K)e = 4mAY (g +mgy)t BV (1—
X exp { — 32 My, K2+ 2M, K K, -+ Moy k2 — 2M 5k, — 2Mysk, + Myg) }. (2:6:20)

)} | & | (K2+K2)%
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To obtain the distribution of «,, «,, we eliminate « by integrating from —o0 to c0; thus

X y}
1 L+ (k2+xg)}
Kes Kyle, = s, 2:6-21
P e = o g VBT =7} T2 (zo21)
We may also write
R = M, (k,—K,)?+2M,y(k, —K,) (k,—K,) + Mpy(k, —K,)?+ M, (2-6-23)
M. M,,— M, M, my
where 7 — Y13l 12072 _ "o
¥ My My, — M3, Moo
= My Mys — My, M moy
K, = =y " 2:6-24
Y My My, — MY Moo ( )
1
M = Myy— (M, kG +2My5 % Ky + My K5) = —5r-.
00
The denominator R is thus a symmetrical expression with a maximum at
= =\ Mo mEu) ’
erK =Ny T ) . 2:6:25
( y) ( Moo~ Moo ( )

The distribution (2-6-22) itselfis not in general symmetrical. However, when the spectrum
is narrow, R is appreciable only in the neighbourhood of (%,,%,), giving
_ 1 (B+r)? 6
| p(Kx, Ky)g, = ﬂmA% R? s (2 6 26)
approximately. The curves of constant probability are then the ellipses R = constant. The
major axis of each ellipse makes an angle w with the x axis given by

tan 20 = ———=—.
M, —M,,

(2-6-27)
Since p(«,, k,), is proportional to R72, it may be shown that the fraction of the distribution
lying outside the ellipse is proportional to R~1. At the centre, R = M. Therefore the ellipse
enclosing just half the distribution is

' R =2M. (2-6-28)

The semi-axes of this ellipse are of length

oM 3
sy = . 2:6-29
71 z [(M11+M22)i\/{(Mll_MZZ)2+4M122}]( ( )

To interpret these results, let the « axis be taken so as to pass through the centroid (%, 7)
of the energy spectrum. The spectrum being narrow, we may expand in a Taylor series

about (%, 0) thus:
" . 1 72 2\ ,
Moy = 0 ﬂoo+§ ﬂzoﬁz"‘/‘oz%‘z ...,

, 1 72 02

Mo = ”‘Tﬂoo+§ ﬂzoﬁ_u—é—l_ﬂozﬁzﬁ (o) +...¢ (2-6-30)
, e

Moy = v ﬂu‘—auav (vo)+...,

45 Vor. 249. A.
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where u = . Making use of (1:6-9) we obtain
M, = Hoz (o/u)?
Hoothoy— My (0fu—da[0u)?’
[P
! Haotog— M1 0 [u—da[du’ * (2-6-31)
_ H20
Haolos— K51’
Ag = poo(Hao oz — 11) W (o u— o [0u)?.)

Hence (Ko K,) = (‘“%’ ), (2-6-32)

241, 0[u(o/u—0adu)
Hao ([ —00[0u)® — prog (o [u)?
showing that the centre of the distribution is the inverse of the phase velocity, and that
tan 2w, like tan 24, is proportional to 4, (cf. equation (1-6-14)). When the spectrum is
symmetrical the semi-axes of the distribution are given by

and tan 2@ = (2-6-33)

| Yolu—0do)d i1
_ ﬂzo) o/u—00/du _ (ﬂoz)
== |"— o e 2:6-34
! (ﬂoo L R V% ( )
that is, ry=|vk(1=T%) |, r,=|y&], (2-6-35)
where X, = —u/0, is the mean reciprocal velocity; I', = —do/du, is the corresponding group

velocity; v = (pgo/tigo®)¥ and y = (4gy/ptgou?)*. This shows that 7,/k, which represents the
width of the distribution perpendicular to the principal direction of the waves, depends
only on the long-crestedness y~! and is proportional to y. On the other hand, r,/%, which
represents thewidth of the distribution parallel to the principal direction, depends not only
on the r.m.s. width of the spectrum, represented by v, but also on the dispersive properties
of the medium. For gravity waves in deep water I'tx = % and so

r = 3|vk|. (26-36)

2-7.  The velocities of specular points

A specular point on the surface is defined as a point where the two components of the
gradient take given values. Such points would be indicated to a distant observer as the
points where light was reflected from a distant source. In §2-4 we deduced the mean density
of such points per unit area; let us now consider the statistical distribution of their velocities.

If (x,y) are the co-ordinates at time ¢ of a point whose components of gradient

¢ a¢
x> dy =56 (2-71)
are fixed. At a subsequent time £+ d¢ the point will have moved to a position (x+ dx, y +dy),
where
3§) 9% 9°¢ 9%¢
0=d() =T det 2> dyto > di,
d x? oxdy dxdt (2-7-2)
_ 3C) 0% . 9% 9?
O_d(ﬁy‘ axg ¥t o d“a T
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dx dy

The ratios Lo d; = = (2-7-3)
are the required velocities. Writing
0% 0% 0J%
ox2’ m!;, W = §4a §5>g6>
20 (2:7-4)
dxot’ W = 573 gB
in (2-7-2) we have Ese+Ec, = —§7,} (27:5)
‘ §5cx+g60y = ~g8°

» ¢, are given in terms of &, ..., &, we require first the joint distribution
P45 -5 E8) gy, ¢, OF these quantities at points where §,, §; take the given values.
Let d4 denote any small area of the x,y plane, and P a neighbouring point. As usual,
p(&,, ..., &) will denote the ordinary distribution of §,, ..., & at P. Now if§,, £, take the given
values at some point in d4, and £, ...,&; are fixed, then (£,,£,) at P lies within a certain

Since the velocities ¢

region d2' of area dX = |£,E,—82|d4 (2-7-6)

(cf. §2-4). Hence the probability that §,, §; take the given values in d4 and that £, ..., &
lie in ranges of width d§,, ..., d§; respectively is

p(§2) gs, ooy §8) l £4§6_g§ | dA dg4dg5 cos ng. (2'7'7)
But the total probability of &,, £, taking the given values in d4 is
| Dy, d4, (2-7-8)

where D, is the density of specular points with gradient (£,,£;). Therefore the probability
that £, ... & lie in their respective ranges given that there is a specular point in d4 is the
quotient of (2-7-7) and (2-7-8), that is

D&y r &) [ E4&e—ER[ dE, ...

D, (2-7-9)
In other words P s )i, = Hlep o) [ Esbs—& I (2:7-10)
Now the first derivatives §,, £, are statistically indeperizlent of the second derivatives &, ... &,.
Therefore | P&y s &) = P(Egy &) P(Ess v ns &), (2-7-11)

where p(§,, £;) is the ordinary distribution of &,, £; given by (2-1-12) and p(g,, ..., &) is the
ordinary distribution of £, ..., &;. The matrix of correlations for §,, ..., &, is

!’ ’?
Myy M3 My M3y Mgy
!’ !’
Mgy Mgy Mys Mgy Mg
!’ !’ .
-\ _1Im m m m m
(‘-"-"z'j)—‘ 22 13 04 12. 03 s (2.7.12)
’? ’? ’? ’? n
M3y Mgy Myo myy My
! !’ ’ n n
Mgy Myg Myg myy 02

45-2
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1
and so D s 8g) = (QW)%A%CXP{*%Mijgﬂs j+3h (2:7-13)
where (M,;) is the inverse matrix to (E;) and where
As = I EU |. (2'7'14)
Substituting in (2-7-10) we have then
1

(& ""§8)§2,g3 = | €486 —E2 | CXP{—%szgna j+3}: (27-15)

4(2m)¥ (A, A5) Dy,

where D, is given by (2:4-51).
The distribution of the velocities ¢,, ¢, is now obtained from the relations (2:7-5). If

we write also
€159, 65 = £4 €55 66 (2-7-16)
and transform to the variables c,, ¢,, ¢}, ¢,, ¢; we have
0(54: M) gg)
=§,86—88 = c163— 3. 2-7-17
0( 2 Cys C15 Cos 63) 456 5 13 2 ( )

1
C,yC,sC15CoyC = G167
[)( %9 Cys €15 C2» 3)&2’53 4(2”)% (A2A5)%Dma-( e

Hence 3)2exp{—4N;c.c;},  (2:7-18)

where (N ;) is the (3 X 3) matrix whose elements are

Ny = Myc; —2Mc, + My,
Nyy = Msci+2M,sc,0,+ M0 —2Msyc, —2M,y¢, + My,
N = Mests I AT
Ny = M55cx€y+M450§— Mg, — (My3+Ms,) ¢+ My,
Ny = Mse.c, - 4_3% - A/Islcy + M,
Ny = Myci+ Myc,c, — (Myp+My;) c,.— Myc, +M,.)

On eliminating ¢, ¢,, ¢; by integration between +0co we have

1 iow fiooo f_io (Cl C3 —03)2 exp {— %Nij ()i(,'j} d(;1 d(;2 d€3. (27,20)

p(cx’ cy)éz, £ 4(27{)% (A2A5)%Dma.

The matrix (N,;) is positive-definite. For, if any real values of ¢;, ¢,, ¢5, not all zero existed
which made the quadratic form N;;c;c; zero or negative, a corresponding set of values of
g, ... & could be found from (2:7-5) which made M;;{;, 5§, 5 zero or negative. But this is
impossible, since (M;) is positive-definite. Therefore (N;) is positive-definite. Therefore
by a real linear transformation of variables ¢, ¢y, ¢3— 1, 75, 75 we have

Nc,c; = p2+n3-+7,
uczcjz 771";’72"“7723 2} (2:7-21)
¢ 63—c3 = Lipf+ 173 +1573,
where 1, 1,, 1, are roots of the equation
As in §2-4 we have then
1
€y C = I(1,1,,1 2:7-23
p( * y)£2,§s 4(2#)% (AzAs | Nij l)%Dma. ( 1> 2 3)9 ( )
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where
ol = [ 7 7 (t+1o3+1399)2 exp{— 3073+ 13-+ 78) dny dpedy. (2:7:24)

This integral is much easier to evaluate than the similar integral I(/;,/,,1;) of equation
(2-4-36) on accountof the factor inthe integrand beingsquared. In factwe have immediately

I(1,1,, 1) = (2m) [3(B+1B3+15) +2(L 15+ 151+ 1, 1L)].

= (277)% [3(114‘12"‘13)2“4(1213 +1311’|‘1112)]- (2’7'25)
1 .
Therefore P(CC))ey, 6 = 1672 (8,8, | N ) Dons [3(12192—4% L1]. (2-7-26)
Equation (2-7-22) on expansion becomes
NB— (3n;3—nyp+$n3)) 12+ (3N13— 3Ny +3N;)1—1 =0, (2-7-27)
where N =|Nj;| (2-7-28)
and M3 = Ny N3y — Nyy N3y = ng,, Ny = Nyj N3z — N3,. (2-7-29)
Nya—1N N,,—1N.
Therefore ;15 = 13_N_2_2, igj Ll = —iNI—”, (2-7-30)
and so finally
_ 1 3(ny3—Ng9)2+ (Nyy—4N;5) N -
p(cxs 6'_,,)51, £ T 167TZ(A2A5)%.Dma. N% . (2 7 31)

It will be seen that in general the quantities N, n,; and N which occur in this expression are
polynomials in ¢, ¢, of degree 2, 4 and 6 respectively.

As before, we may study this distribution in the special case when the energy spectrum
is narrow and has symmetry about the principal direction. Taking the u axis along the

line of symmetry we have m,, = 0 whenever ¢ is odd, and so

Myy 0 My my 0
0 my, O 0 my,
(By) =] M2 0 mgy my 0 |, (2-7-32)
my 0 my, my 0
0 myp, O 0 my

The reciprocal matrix (M;;) is given by

4, 0 4, 43 0
0 B, 0 o0 B,
(My) =[4n 0 4y 4y 0 |, (2-7-33)
Ay 0 4y Az 0
h Mo Maz méo - Myy  myp\ ™!
wahere (Ay) = | mgy moy myz | By) =1 i (2-7-34)
my, myy my ; Mg Mo
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Since the spectrum is narrow, each coefficient may be expanded in a Taylor series about
the centroid (%, 0). Thus

92
Myy = PooU* + 3tag F () +...,
2‘ 0 /s 1 2
Moy = ool +/‘12@ (u?) +2'u2251_t§(u )s
Moy = Hogs
’ 1

M3g = P >0 +§ Koo 755 0u2 +/‘02 002) (udo - (2-7-35)
1

Mmiy = HgaUho "‘/‘12 ou (uo) +§ Ho2 7375 ﬁuz +ﬂo4 302) (uo) + ..
1
2

Miyy = HooU*0* ( 20 FRe; +/‘oz 302) (u20?) +..

" d d 02
Myg = /‘oz”z’l‘/‘lz@ (0?) +§(ﬂ225‘u’2+ﬂ04 W) (®)+...,

7/

where u = % and ¢ = ¢(%, 0). Thus we find for the determinants of (4,;)~! and (B;;)~!

|A | V= §;u8(c/u—0dc/du)?, (2-7-36)
| B |1 = 0yu*(o/u—dadu)?,
| oo O fo Pz M
e S—| 0ty s s 8y = l ﬂoz ﬂlz . (27-37)
foz  Fiz Hos =

(Each zero term in &, could be replaced by y,.) Further, on evaluating (4;) and (B};)
and substituting in (2-7-19) we find eventually

o UPqF 4 2001 Ugy 0y Upp?y Gy U, (o3 3qy 40yt
Ao UGy Gy + 012 Uq, gou%q3 Aoz U3y
(Nij) = A » +foputqi + 28,43, "‘ﬂnu + oo ttqy 4o+ Fr24%¢,
o U3qy +ty3u® &o3U’qs agzut
+foaitqy 4o+ F124%q, +Poputqs
(2-7-38)

where a,; and §;; are the (i,/)th elements of the reciprocal matrices of d; and J, respectively,

and ¢,+ofu ¢y
9 %= 5 90l ofu—deldu

Thus ¢,, ¢, are non-dimensional quantities proportional to the departures of ¢,, ¢, from their
mean values (—a/u, 0). In deriving (2-7-38) it has been assumed that ¢, is of the same order
of magnitude as y, = (syy/Uttoo)?, but that ¢, is of order 1; this makes the matrix (Ny)
more homogeneous. Before proceeding further we may make the additional restrictions

(2:7-39)

Mg =0,  fay = Mooflosl Koos (2-7-40)

and we may write  fyg = ViUulllgg,  flon = Y200y Hos = 8%V U0 (2:7-41)
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where v, y and ¢ have the same meanings as before, namely, v~! is a measure of the average
length of a group of waves, y~! is the long-crestedness and « is the peakedness of the

spectrum in the v direction. Then (2-7-38) reduces to

(E2+d2+1) Enly —d’[y
W) =g| @ @ ap ),
—d?[y? Enfy® &+ [r*
where E=qfv, n1=yrg/v, &=1/@*-1).

Clearly the (z,7)th term of (N};) is of order 1/y*J. Therefore
L, 1, Ig = Y2t (13, 13, 1)

where 13, 15, 13 are the corresponding roots of the equation

|7y~ I'Ny| =0
and (NV;) is the non-dimensional matrix
£24+d?+1 &n —d2
V)= &  &+r+1 &
—e g pee
Also | Ny | = | N |/ (7°utid0)-

So from equation (2-7:26)

Ne__ A
(60 €))e, 1, = — YUt by 3(zzl’) 4:‘%‘1’1]
wVEE T 1672(AyA5) Dy, | V5 ¥

It is convenient to state the solution in terms of the non-dimensional variables

T P . LA
= V(g’/u—aﬁ/au)’m’

_ V¥(o/u—do[du)*
Y
First, on expanding the left-hand side of (2:7:45) we have
N 71— [H(E 7+ 1)+ —F =,
where N' = | Ng| = @+r+ 1) PP +H{E+n)*+1H{({E—n)*+1} %
giving 2L =—rN, P> LY = —[}(E+9*+1) +d2]/N".

so that 2 Mg, 6 D(Ce¢))ey, 5

Secondly, from (2-4-58), (2-7-36) and (2-7-37),
Ay =vhutude,  As=|dy [T By |t = 0,05u8(0/u—0do[du)*,

and 0203 = Moo Hasltor(Hootos— HE2) = ViyBul?udy(a®—1).
Thirdly from (2-4-61) D, = yu?C(a).

(2:7-42)

(2-7-43)

(2:7-44)

(2-7-45)

(2-7-46)

(2-7-47)

(2-7-48)

(2-7-49)

'(2-7-50)

(2-7-51)
(2-7-52)
(2-7-53)

(2:7-54)
(2-7-55)
(2-7-56)
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n

/ﬁ\ P/dz
— 0-02

Ficure 12. The probability distribution of the velocities of specular points, for a narrow spectrum

Therefore, altogether we have

d__ 3+ [(E+7°+1)+4d’| N

p(g, 77).52,53 = 167720(61) N/.g (2-7-57)

where C(a) is given by (2-4-62) and N’ by (2:7-52).

Two special cases are of interest. Suppose first that the surface consists of two systems of
long-crested waves, intersecting at a small angle 2y. As we saw in § 2-4, this corresponds to
the limiting case when a—1 and d—>co. Equation (2-7-57) then becomes

— 1 1
PNt = S TEr 7 DHE— 7+ 1

The distribution is shown in figure 124. There are two ridges of high probability, in the
directions £ = 47, that is ¢ Fofu=t7c,, (27-59)

(2-7-58)

or when the vector difference between the specular velocity (c,,¢,) and the mean velocity
(—0/u, 0) is in the direction of the crests of one of the two wave systems.

This particular case may also be derived quite simply as follows. We have seen that the
velocities of specular points have the same probability distribution as the velocities of the
maxima only. Now with two intersecting systems of long-crested waves, the maxima occur
at the points of intersection of the crests of the two systems, and at no other points (see

46 Vor. 249. A.
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figure 9 a). If the point of intersection of two crests has components of velocity ¢,, ¢, parallel
and perpendicular to the mean direction, then the rates of advance of the crests in the two
systems of waves are '

o = ¢,cosy ¢ siny, ¢ =c,cosy—c,siny, (2-7-60)

where 2y is the angle between the two wave systems. But the distribution of ¢; for a long-
crested system of waves was found in § 2-5 to be
2(e) 1 v2(o/u—0do/du)?
Y2 (e 4+ o fu)2 412 (0 /u—do du)2]E
where « is measured in the direction of propagation. Since the two systems are independent,
P, 62) = p(et) ple?) (27:62)
When the angle of separation 2y is small, » and u are effectively the same for the two systems
and for the combined system. Thus

(2-7-61)

P +afu = (c,+afu)+yc, = (E+n) V(or/u-(?a/(?u),} (27-63)
cP4ofu = (c,40ofu)—yc, = (E—1n) v(oc/u—do/du).
F d(cf, ¢f) (1 2
urther, P&y, = GE) (e, ¢P)e, g (2:7-64)
and so D6 D) s = 20— 00]0u)2 () p(e2), (2:7:65)

from which (2-7-58) follows.
A second case of interest is that of infinite peakedness: ¢ —>co and d— 0. For large values
of a, (2'7‘57) becomes p(g ) _ i 3”2+ (gz_'_”z_’_ 1)2
21 2,85 4q2 (e 472+ 1)% )
This distribution is shown in figure 12 ¢. There is only one ridge of high probability, namely,
that in the principal direction of the waves. The expression is valid only asymptotically,

(2-7-66)

as is shown by the presence of the factor 1/44? and the fact that fﬁb(g, N)e,, £, dEdy diverges.

An intermediate case, a? = 3, d2 = {, is shown in figure 12 4. This corresponds to a dis-
tribution of energy distributed normally with regard to direction, over a narrow range.

2-8.  Properties of the envelope: the number of waves in a group

We shall now consider briefly some statistical properties of the envelope of the wave
surface, as defined in § 1-5. The envelope function p is essentially different from the surface
elevation ¢, in that p is always positive whereas { has a mean value zero. Nevertheless, many
of the properties of p will be seen to be analogous to corresponding properties of .

It is convenient to introduce the auxiliary variables

£ = pcosg = 3 ¢,cos{(u,—7) x+ (v,—7) y+ (6,—7) t+¢,},
& = psing = 3¢, Sin{(un—ﬁ) x+(v,—v)y+(0,—7) If+€n}7} (2.8.1) ,

which are the real and imaginary parts of the complex envelope function p ei? (see equation
(1-5:6)). &}, £, have the same form as {, each being the sum of an infinite number of sinusoidal
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components with random phase. In fact, the energy spectrum of £, £, is the same as that of
{, but with the origin moved to the mean wave-number (%,7). Thus §1, &, are normally
distributed with mean value zero. Since

&= §% =myy && =0, (2-8-2)

we have PEnE) = g exp{— (6 E8)2mu). (2:83)
We now transform back to the variables p, . From (2-8-1)

£+ =% %((%2—2)) =p, | (2-8+4)

and so p(p,¢) = 2,,m p exp {— p?[2mq}- (2-8-5)

This is independent of the phase angle ¢. The distribution of p alone is found by integrating
with respect to ¢ from 0 to 27:

£(0) = = pexp {—p?/2mec) ' (2:8:6)

which is the well-known Rayleigh distribution.
The joint distribution of p, ¢ and their first-order derivatives with respect to x, y may be

found as follows. Let
d, a d, a
§3, 54 agxl agyl £5§ 56 aiz aiz <2°8°7)
The matrix of correlations for ¢, ..., §; is
(ﬂoo 0 0 0ty ﬂm\
0 sy | —po —Hu O O
(By) = 00—t Mo #1 O O} (2-8-8)
0 —uy H11 Hoz2 0 0
\1“10 0 0 0 Koo  H11 }
Ho1 0 0 0 Hr o Moz

where ,, is the (p, ¢)th moment of E(u,v) about (%,7). But since (%) is the centroid of E,
the first-order moments p,g, #y; vanish. Hence &;, &,, &5, §; are independent of £, §,, and

(38 °'-9gﬁ) zp(§13§2)1b(£3a ooy 86)s (2°8'9)
where
(s -5 86) = @%ﬁexp{_[ﬂoz(gg‘l‘g%) — 211 (E3E4 +E586) T1a0(E3+-88)]/20},  (2:8:10)
and we have written §=| o0 Sy (2-8-11)
H11 Hoz
Now since £y = (%c (pcos@) = p,cos ¢ —pd,sing, (2-8-12)
etc.,
we have a(£1a£23 53: £4a gfw £6) — (2‘8'13)

F - —‘,03,
(p) ¢3 px) ¢x) py’ ¢y)
46-2
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and hence
1
2005 Bs P> B Py B,) = ) p3 exp {—p?/2m,}

X exp {— (oo 3 =211 PPy +/‘20/’§)/23} €xp {_Pz{ﬂoz¢§"‘2ﬂ11¢x¢y + Hag ¢§}/23} (2-8-14)

From this distribution some immediate conclusions may be drawn. First, by integrating
with respect to ¢ (from 0 to 27) and ¢,, ¢, (from —o0 toc0) we obtain the joint distribution

f dp, T \
of4, pxand py. Thus Pospon) = PO Ploor)s (2:8:15)
where p(p) is given by (2-8-6) and

1
(s Py) = onot exp {— (23— 201190y +ﬂ20/’§)/23}~ (2-8:16)

This shows that p,, p, are statistically independent of p, just as d{/dx, d{/dy are independent
of {. Further, the distributon (2-8:16) is formally identical with (2-1-12), if the moments
4, about the centroid are substituted for the moments m,, about the origin. We deduce
immediately that

(1) thesteepestr.m.s. gradient of the envelope isin the principal direction of the envelope,
and the gentlest r.m.s. gradient of the envelope is in the direction at right angles;

(2) the most probable direction of contours of the envelope is perpendicular to the
principal direction of the envelope, and the least probable direction is parallel to the
principal direction.

We see from (2:-8:-14) that the mean values of ¢, and ¢, are zero. It follows that the phase
angle ¢ of the envelope has zero secular increase in any horizontal direction. Now the phase angle
of { is the sum of the phase angles of the envelope and of the carrier wave. Hence the phase
angle of { increases at the same average rate as that of the carrier wave, in any horizontal direction.
This property is the result of our having chosen the centroid (%, v) of the energy distribution
as the wave-number of the carrier wave (§1-5).

By integrating (2-8-14) with respect to p,, p, and ¢ we obtain

100 $08) = g5 5D {1/ 2mac} 5 (= a2t 8, s )20} (2:8:17)

This shows that ¢, and ¢, are not statistically independent of p. In fact the standard deviation
of (¢,,4,) (defined as the square root of the mean value of (¢;+47)) is

(BTt = ;<ﬂ20+ﬂ02>%, (2-8-18)

which is inversely proportional to p. Roughly, this means that the higher waves are more
regular than the lower waves (cf. § 2-10). The joint distribution of ¢, and ¢, alone is found
from (2-8:17) to be
Bt = ol
PO 80 = 2 (1T = Bis b, F g B3) [T

It will be useful to consider also the statistical properties of the envelope of the curve in
which the surface is intersected by a vertical plane in a direction §. When 6 = 0, x = «’, the

(2-8-19)
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distribution of p, ¢, p,, ¢, may be found from (2-8:14) by integration with respect to p, and ¢,.
On replacing y,, by #,() and x by x” we have in the general case

by b5 ps 8) = (”2—,”)71”2;);/72 p? exp{—p*[2mqo} exp {— (i +p*97) 215} (28:20)

Alternatively, the distribution may be derived from first principles by the method used to
obtain (2-8-14). The joint distribution of p and p,, is found by further integration with respect
to ¢ and ¢,.:

1
s i) = gyt g PP 2o} exp =P/ (2-8-21)
Similarly the joint distribution of p, ¢ and ¢, is
1
p(p, ¢, ¢,) = mﬁ exp {—p?/2mqo} exp {—p*¢5 |24}, (2-8-22)
and the distribution of ¢ and ¢,, is v ,
I p— L (2:8:23)
4m (1 +§7 moo/py)

From these distributions one can state immediately some general conclusions for the one-
dimensional envelope analogous to those for the two-dimensional envelope of surface. Thus
Py, but not ¢, is independent of p; the mean secular increase of ¢ with x’ is zero; the
standard deviation of ¢, is inversely proportional to p.

When the spectrum is fairly narrow, the envelope follows closely the crests of the waves.
In any particular plane section the waves will appear in groups, and a rough measure of
the average length of a group is given by 2/N, where N is the average number of times per
unit distance that the envelope crosses an arbitrary level p. Now by the argument of § 2-2,

N = [ 90,0 1 51 dpy (28-24)
On substituting from (2-8-23) and carrying out the integration we have
A 2 ‘
N(p) = \=) .= pexp{—p*/2mqo}- (2-8-25)
00 ,
For definiteness we may take the largest possible value of N, which occurs when p = m},,
giving YPRY:
N = (3) (i‘z—) . (2-8-26)
en) \my,

Now by §1-5 u,(0) is greatest when 8 defines the principal direction. It follows that tke average
length of a group of waves is least in the principal direction and greatest in the direction at right angles.
A rough measure of the number of waves in each group is given by Ny/N, where N, is

the number of zero-crossings of { in the direction 4 (see § 2-2). When p = m}, we have
&
N, (i)i‘(_@)% B (_e_)* Mg OS2 04 2m,; cos O sin 6+ my, sin2 6
N ) \2a) L pyycos? 0+ 2p,, cos 8 sin 0+ py,sin26 |

In general this number will vary with the direction §, but it may also be constant. The
condition for constancy is

(2-8-27)

2m

Moo Hyy t Hog = Mgyt My i Mgo. (2-8-28)
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When this condition is satisfied the number of waves in a group is independent of the
direction.

' 3
If we write v(6) = ”% (%i)) , (2-8-29)
so that (for a narrow spectrum) .
V(a)T(mz(ﬁ) -(3) & (2-8-30)

it is clear that v’ is inversely proportional to the number of waves in a group. In particular,
when the section is taken in the direction § = 0 we have

V' (0) = (_—”&)% —, (2-8-31)

where v is the parameter defined in § 1-6. Now ¢ = 0 was taken there to be the mean direc-
tion, and also the principal direction. It follows that v is inversely proportional to the number
of waves in a group corresponding to a vertical section taken in the principal direction.

2:9. The heights of maxima

Throughout this and the following section it will be assumed that the spectrum is narrow.
We shall see that from the properties of the envelope one can then derive some interesting
statistical properties that are otherwise difficult to obtain.

Consider first the distribution of the heights £ of the crests. A crest may be defined as the
locus of the maxima of all vertical sections of the surface parallel to the mean direction 4.
Now when the spectrum is narrow, the waves will be long-crested and regular, and the
crests will lie almost on the envelope. Further, the crests will be spaced at more or less equal
intervals in the x,y plane. It follows that the distribution of the crest heights is practically
the same as the distribution of the envelope function p. So from (2-8-6)

2(E) = mi exp {—£2/2myq) (29-1)

In other words, £ has a Rayleigh distribution.

Consider, on the other hand, the distribution of the heights of the maxima. A maximum
of the surface is simultaneously a maximum perpendicular and parallel to the mean
direction. The distribution of maxima of the surface therefore approximates to the dis-
tribution of the maxima of the envelope of a section at right angles to the mean direction.

Now the distribution of the maxima of the envelope of a single random variable has been
studied by Rice (1944, 1945). Making the simplifying assumption that g = g3 = 0 (in
our case 4, = 0 anyway), he obtains for the joint distribution of " and the height R of a
maximum

/ _ 1 Ité 2 %3 a—a222 & An;zf_ .0.
PR = gt T L by 202
where a2 — Holls R (2-9-3)

> z = o/ 2 1\ . 1L°
1% [2(a*—1) o]*

and A, = g 3 @) ... (m—3) (n—m-+1) (3—1a?)™ (2:9-4)

m!
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(the term corresponding to m = 0 in (2-9-4) is n+1). To obtain the probability density of
R alone we must normalize (2-9-2) by dividing by the number N of maxima per unit dis-
tance x’. N is found by integrating with respect to R from 0 to co. We have

1 (/iz)%(eﬂ—l)z S (intd)!4, (2:9-5)

N 4(217)‘5 o ad S (GntP)lae

(Rice 1945, p. 83).
This may be checked immediately by comparison with our previous work. For, since the

maxima occur only at the crests of the waves, which are more or less evenly spaced at
distance 27/u apart, it follows that the mean density of maxima per unit area is Nu/2m
approximately. On replacing (u,/u,)* by yi, where y~! is the long-crestedness, we have

-7 2_1)2 » (1 1)1
_Nu_ 1 (a®—1) (§n+4).Anyﬁ2. (2:9-6)

Dy, = or  4(2mE  aF S0 (3nt3)le

This expression should agree with (2-3-57). Rice summed the series in (2:9-6) for a2 = 3
(the normal distribution) and found it to be about 3-97. With this value (2-9-6) becomes

D, = 0-0638ya2, (2:9-7)
which is in agreement with the more accurate value D, = 0-0639y%? given by (2-3-57)
and table 1.
The distribution of the heights of maxima may be stated in terms of the non-dimensional
parameter y — R/uk = R/m},. On dividing p(x’, R) by Nuz*, we find

© 2 2 ngjoo (1
p) = gt op - 3 SR SRS GRS ey

This distribution has been computed for % = 2, 3, 5, 9, and the curves are shown in figure 13.

When a? =1 the above series becomes unsuitable for computation, but we may obtain
a solution by an independent method as follows. 4% = 1 corresponds to two narrow bands
of energy of slightly different frequency. These form beats, and the maxima of the envelope
occur when the two wave bands are in phase. The height of the envelope R is then the sum
of the amplitudes p,, p, of the two wave trains at that point. But the amplitude of each wave
train has a Rayleigh distribution:

2 2
Do) = P exp{—phimo},  plps) = 22 exp{—phfmor) (2:9-9)
Moo Moo
(the mean energy for each wave train being 3m,,). The distribution of the sum of these is
’ R
PR = [ "p(p1) pe2) dp, (2:0:10)
where p, = R—p,. In terms of non-dimensional variables we have
p) =2 [ Eest (1—) -9 de, (2:9-11)
‘ 0
On evaluating the integral we have :
pl) = et et g2—1) [Te-ie ), (2912)
0

which is the distribution shown in figure 13 for 4% = 1.
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It can be seen independently that this is the appropriate distribution for two long-crested
systems of waves intersecting at an angle. For the maxima of the combine system occur at
the points of intersection of the crests of the two long-crested systems. The height of a maxi-
mum is the sum of the heights of the crests of the two systems. Consequently # is the sum of
two variables each having a Rayleigh distribution.

0-61

0-4

T
©o

2(n)

02

2 3 4
7

Ficure 13. The probability distribution of the heights of maxima,
for a narrow spectrum (a?=1, 2, 3, 5, 9).

—_-r

2:10. The intervals between successive zeros

Finally, let us consider the distribution of the intervals / between successive zeros of the
surface, along a line drawn in an arbitrary direction §. An approximate expression for the
distribution of intervals for a one-dimensional function has been derived by Rice (1945, § 3-4)

‘after a series of approximations assuming that the spectrum is narrow. It will now be shown
how the same distribution can be derived very simply using the properties of the phase
angle ¢. Further, the distribution will be derived for a section of the surface in an arbitrary
direction ¢, and for waves of any particular amplitude p.

For simplicity we may take initially # = f, = 0 and &' = x, and we may generalize to
arbitrary values of f at a suitable stage. The equation of the curve at an arbitrary time, say

{ = 0, may be written (= Bpei, (2-10-1)

where X=1ux+¢, X, =u+g¢, (2-10-2)
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and @ = m,/m,. Like ¢, ¥ is a multivalued function of x, having branches separated by
multiples of 27. Since

a(Xa Xx) _ 10.
36,00 (2103)

we have from (2-8-23)

H0) =8 = g gz{”_gj% o (210-4)

Now ¢ has a zero -crossing when and only when y = nm, where 7 is an integer. By the same
reasoning as in § 2-2, the probability of y taking the value 277 in (x, x+dx) is

© 1 3
H) dx= [~ plo) |xc] ded, = 5 (72) d (2:105)

The probability of y taking the value (2r4 1) is the same. Therefore the total probability
of a zero in (x,x+dx) is twice this value, or

3
1 (ﬂz) dx, (2:10-6)
m\my,

in agreement with (2-3-5).

Let [ denote the interval between successive zeros. The average value [ of the distribu-
tion of / may be written down immediately; for it is simply the reciprocal of the average
number of zeros per unit distance, i.e. :

‘ 3
- w(%z) =214, (2:10-7)

where v is defined by (2:8:31). When the spectrum is narrow (v is small) we have
[ = n/a, (2-10-8)
approximately.
Let us now consider the whole distribution of /, on the assumption that » is small. In the
first place we may note that where x crosses any level zr it nearly always has an up-crossing.
For the probability of a down-crossing (x,<0) in the interval (x, x+dx) is given by

0 1 my\? -3
|” pd 1] dwdy = o (22) (1= (17) 4] d, (210-9)
— M
and the proportion of down-crossings is therefore
H1—(14+12) ¥ = b2, (2:10-10)

which is negligible. If each crossing of 2rm or (2r+1)7 is an up-crossing, it follows that
between any two successive zeros x; and x,, ¥ must increase by 7. Hence

m = x(%9) —x(%)) = [+ 5%+ ], (2-10-11)

where we have expanded in a Taylor series about ¥ = ;. It can be shown that y,, is of order
2, and so to our present order of approximation

! = 7/x,. (2:10-12)

Now the distribution of y,, at points where y takes a particular value, is given by

P(Xy = &FX"(%I—X—I (2-10-13)

47 Vor. 249. A.
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where H(y) is given by (2:10-5). That is to say

_'1 % ( 0/ 2)%
=50 +I<§Zl—g>2/;o/ﬂz>]%‘ (2r10°14)

On substituting from (2:10-12) we have, when />0,
1 (mg\? w?/v
e
ﬁ( ) om \m, [12/12_'_(1/[_,1)2/1,2]%
where [ is given by the approximate relation (2-10-8). Clearly p(!) is appreciable only when
[ differs from [ by an amount of order v. Writing
E=({-D/l ' (2:10-16)
for the relative departure of / from its mean value, we have finally for the approximate
distribution of £ in the neighbourhood of the mean
6 =
&) = e
This is similar to the approximate distribution found by Rice (1945, p. 63) by a rather

longer method.
In the general case when the line drawn on the surface is in an arbitrary direction 4,

v may be replaced by »'(#). Thus we have in general

1
= . 2:10-18
]b(g) 2V,(1 +§2/V/2)§ ( )
The second moment of this distribution is divergent, but a convenient measure of its spread
is the width of the interquartile range, given by

(2:10-15)

(2:10-17)

2,
Y (2:10-19)
So we may say that the width of the distribution of & is inversely proportional to the average number of
waves in a group. The width of the distribution of / is given by the above expression multiplied

oy [, that is t
by [, that is to say 2n .y

J3 mi

To find the distribution of intervals / for waves of a given amplitude (say with amplitude

lying between p and p-+dp), we may start from the distribution of (4, 4,) for values of p
lying between these limits. This is given by

(2-10-20)

from (2:8:6) and (2-8-22). Hence '
20062 = gy PP 2200} (210:22)

On carrying out the same calculation with p,(x, x,) in place of (y, x,) we find, with £ given

by (2-10-16), that 1
— N — p2£2[9p"2 . 2:10-2

£,(€) Gyt exp {—p?E?/2v"*mqo} ( 3)
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This is a normal distribution for &, with mean value zero and standard deviation

&
ﬂ;@. (2:10-24)

The mean and standard deviation of / are equal to [ and »'m}l/p respectively. Hence we
may say that the expectation of | is independent of the height of the waves (to the present order of
approximation) and also the width of the distribution of | is inversely proportional to the wave height.
If we take this width as a measure of the irregularity of the waves as regards their intervals,
we may also say that the lower the waves, the less regular are their intervals.

ParT III. A METHOD OF DETERMINING THE ENERGY SPECTRUM

In the two previous parts of this paper we have derived some statistical properties of a random
surface in terms of its energy spectrum E(u, v). In this part we solve the converse problem: given
the statistical properties, to find the energy spectrum. ‘ »

The best method of determining E depends to some extent upon which properties can be
measured most conveniently. We assume that it is possible to obtain the height {(x’) of the surface
along a line in an arbitrary direction 6. (In the case of the sea surface one may imagine the
observations to be made by an aircraft flying on a fixed course at high speed and constant altitude
and recording by radar its height above the waves.) We also assume that 9¢(x") /0¢ can be measured
(by a pair of radar sets, or otherwise).

In §3-1 it is shown how from the statistical analysis of such measurements the moments m,,(6), for
each value of 0, can be deduced. In §3-2 it is shown how to obtain the two-dimensional moments
m,, from the moments m,,(¢) ; and in §3-3 how to obtain the energy spectrum from the moments m,,,.

3-1. To obtain m,(0)

We saw in § 2-2 that the number of zeros of {(x”) per unit horizontal distance %’ is given by

_ 1 my(0 ))% 1
Ny = ﬂ(mo(ﬁ) ; (3-1-1)
and in general the number of zeros of the rth derivative of { is given by
_ L (g0 | 1
N = () (8:12)

Now from the record of {, the numbers N,, N,, etc., may be determined by simple counting
of zeros, maxima and minima, points of inflexion, and so on. m,(#) can be determined as
the r.m.s. value of { along the curve. From (3-1:1) we have '

my(0) = m*Ngmy(0) (3-1-3)
and from (3-1-2) My, o(0) = T2 N2m,,(0). (3:1+4)
So My, My, ..., My, , can be determined in succession, or else directly from ‘

My, o(0) = w?r+2NENE... N2my(0). (8-1-5)

To obtain the moments of odd order we have to use some property involving the motion
of the surface. We take the distribution of the velocities of zeros of {(x’), which was derived
in §2-5. It was shown that the mean velocity of the zeros of { is given by
_m(0)

my(0)’

‘= (31-6)

47-2


http://rsta.royalsocietypublishing.org/

JA '\

/ y

A A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A \
1~

A A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

380 M. S. LONGUET-HIGGINS ON THE
and that the mean velocity of points where the rth derivative vanishes is
= mér+l(ﬂ)
g, = — 2l ) 3-1-7
g Moy 42(0) ( )
Now my,, 4(0) is already known, from equation (3-1-5), so from
mér+l(0) = —Erm2r+2(0) (3'1.8)

we may determine my, ().
It is true that the odd moments mj,,,(f) correspond not to the original function E(u, v)
but to ¢(u,v) E(u,v). However, we shall show in § 3-3 how this difficulty can be overcome.

3-2. To obtain my,
In §1-4 we saw that m,(f) is related to the moments m,,, (p-+q = n) by the equation

m,(0) =m, ,cos™0-+ (712) m,_y,1c0s" 10 sinf4-...+m, ,sin" 4. (3-2-1)

The expression on the right-hand side is a trigonometric polynomial of degree n, with
coefficients which are linear combinations of the moments. Therefore we may expect to
solve for m,, by taking the Fourier components of m,(6), that is, by considering the quantities

2m
a, =1 f m, (6) 0 dg. (3-2:2)
> ﬂ' 0
Going back to equation (1-4-11), we have

2m [ ©
Un, 1= :;fo f_w f_wE(u: v) (ucosf,+vsinb,)" dudv ei®®r df,

.—_il_- 2w oo © B . o N
—ﬂfo f_wf_wE(”’”) wcos (0—0,)}* dudv e, (32:3)

where (wcos0, wsinf) = (u,v). On writing 0, —0 = @, and reversing the order of inte-
gration we have

e o (o ‘
=y | |7 [ B wrcost,e0+02dtduc

= ‘yn,lfw fw E(u,v) wr e dudv, (3-2-4)

where 7, , is a numerical constant:

1-n(" 7
. 1 fZWCOSnﬁ ciloe g, — { 2 "(r when n—I{=2r>0
m =), 2 2

(3-25)
0 otherwise.
Now

=Jm Jm E(u,v) w"2iiq (elf+e-10)n (el —e~19)a dudy

=" " Byl et (P Y eooi (P T) eontp o (—1yre | duds,
(3-26)
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where (p , q) is the coeflicient of " in the expansion of (1+4x)? (1 —x)?. In full,

R R R TR [ T R

where (ﬁ) =1and (f) — 0 for r>p. From (3-2-4) and (3-2-6) we have

o= Lot (0 ) [t (O (et (1] 29

TasLE 2. Funcrions C,, ()

Co—1 4C'w=cosﬁ
002 Cy =sin 0
Cyp= cos20+% Cso= cos 360+cos 0
{Cu= sin 26 C, = sin30+1%sin6
Cop = —cos 20+3 4C12=——cos3l9+%cos0
\Cos = —sin 36 +sin 0
Cyp= cos40+cos 20+% Cso= cos 50 +cos 360+ cos 0
C; = sin 4043 sin 260 Cy= sinb50+¢sin30+%sin 0
Cyg=—cos 40+ % C3y = —cos 50—} cos 30+ cos 0
Cys = —sin 40+ } sin 20 Cys = —sin 50+ % sin 30+ ¢ sin 0
Cos = cos40—cos 20+ Ciy= cosb50—%cos30+3%cosb
Cyps = sin 50 —sin 36 +sin 0

So on substitution from (3-2-2)
1 (2m
Mg == fO my(6) C,(0) 0, (3-29)

where C,(0) = 214 1n0+(1b 9)/<1) ei(n;z)o+‘..+(_l)ne—ina:l_ (3-2:10)

The quantities m,(¢) being known, this determines the moments m,,,. The first few functions
C,,(0) are listed in table 2

Incidentally, when the spectrum E(u,v) has circular symmetry, m,(f) is independent of
0 and so from (3-2-9)

my(6) = I(—l)%q(pznq)/(%n) m, when p,q are both even (3-2-11)

l 0 otherwise.

In particular
_ — _ _ 1 9.
Mog = My == My, Myy == Moy == My, Moo = 3My, (3-2:12)

and so the condition (1-3-11) for a narrow ring spectrum reduces to

myMy _ 3 2
or 2 =3 (3-2-14)

As a corollary, we see that m,m,/m3 is never less than £.
47-3
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3:3. To obtain E(u,v)

We have so far obtained the even moments m,, of E(x,v) and the odd moments ;,, of
o(u,v) E(u,v). Now consider the function

Flu,v) = HE(w,0)+ E(—u, —0)]. (331

This is clearly an even function of (u,v), since F(—u, —v) = F(u,v). Therefore its odd
moments vanish. But its even moments are the same as those of £(u,v). Therefore both
the odd and even moments of F(u,v) are known. Similarly

G(u,v) = }[o(u,v) E(u,v) —o(—u, —v) E(—u, —v)] (3-3-2)

is clearly an odd function of («,v), since G(—u, —v) = —G(u,v), and so its even moments
vanish. But since o(—u, —v) = ¢(u,v) (equation (1-1-5)) the odd moments of G are equal
to those of o(u,v) E(u,v). Therefore both the odd and even moments of G are known. If
F and G can both be determined from their moments we may then determine Z, from the

identity E(u,v) = F(u,v)+ G(u,v) o (u, v). (3:3:3)

We have then simply to consider how to determine ¥ and G from their moments. *

Formally, if the moments were known to all orders, the problem would be solved. For
since the even moments m,, are equivalent to the derivatives of the correlation function
¥(x,y,0) (equation (1-2-10)) we have

Vo 0) = 3 (1) Ty (334)
But by (1-2-9), ¥(x,y, 0) is the cosine transform of E(u,v) and so of F(u,v). Hence
l e} @«
F(u,v) = Wf ¥ (x,9,0) cos (ux+vy) dxedy. (3-3-5)
‘Similarly, if we define a function
V550 = 3 (=1 p”fM, xye, (3:3-6)
we have G(u,v) = é;?f_wf_wgﬁ’(x, ¥, 0) sin (ux+vy) dxdy. (3-3-7)

In practice, however, only a finite number of moments can be obtained, and if (3-3-4)
is replaced by only a finite number of terms of the series, (3:3-5) does not converge. The
problem then is to find a convergent sequence of approximations to F and G, each approxi-
mation depending on the moments of the function up to a finite order.

It was shown by Weierstrass (1885) that a function of a single variable may be approxi-
mated over a finite range by a polynomial, and that this may be done in a variety of different
ways. A simple method is given by Courant & Hilbert (1953, §4), which we generalize to
two dimensions as follows. Consider the functionT

.g,,(u, v) = (1—u2—0?)". | (3-3-8)

* For a discussion of whether a function is uniquely determined by its moments, see Kendall (1952,
chap. 4).

T This is different from the generalization suggested in Courant & Hilbert (1953, p. 68), and leads to
a more homogeneous approximation.
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As n tends to infinity, g, tends to zero for all values of (, v) inside the circle 4%+ 02 = 1 except
the origin. Further, if §'is any smaller circle of radius §<1,

i ffg"(u’v) dudy = f«?f:"(l_wz)nwdwdg _ ;%[1__(1*32)“1], (3-3-9)
s

which also tends to zero. However, the dominant part of the above integral is contributed
by the neighbourhood of the origin, that is, if " is any interior circle of fixed radius §’,
however small, almost the entire contribution to the integral comes from $":

f g, (u,v) dudv
lim ¥ ———  —lim

e ffgn(u, v)dudy "%
s

1— 1__3'2 n+1
T_*L(]:SW{H_—I‘ == 1. ‘ (3'3’10)

- Now suppose that f(u, v) is any continuous function of two variables that we wish to approxi-
mate in the region S, («2+v2)t<}. Then if (u,0) is any interior point of S, the function

[[ A0 11— (02— (00717 duy o,

fu(usv) =

(3-3-11)
f[l—u%—ﬁydmdm
s

is a weighted mean of f(u,v), with weighting function g,(¢—u;,v—v;) centred on (u,v).
And since the neighbourhood of (u,v) contributes almost all the weight when # is large

we see that lim f,(u,v) = f(u,v). (3-3-12)

The convenience of this approximation lies in the fact that f;(u,v) is a polynomial in (x, »)
of degree 2n, and with coefficients that are definite integrals taken over S. Further, if we
assume that f(u,v) is negligible or zero outside § the coeflicients in f,(«,v) are simply
combinations of the moments of f of order not greater than 2x.

To apply the representation in the present case let us assume that E(u,v) is negligible
when (#24v?)%> lw,, say. In other words, we assume a cut-off at high wave-numbers (some
such assumption is in any case necessary in order to ensure the uniqueness of the solution.)
Then we take as an approximation to F(u,v)

Fy(w0) =" g [ [Pl 00) 1= (=)= (0—0)3fuilr dun oy, (3:3:13)
S1 \

where S| is the region (4} +v})¥<iw,. Similarly we take

Golay) =" [[ G, 00) L= (a2l — (00 )il duy oy, (3:314)
S1
and finally E,(u,v) = F,(4,0) +G,(u,0)[o(u,v). (3-3-15)

On expanding the polynomial expressions in (3-3-13) and (3:3-14) and carrying out the
integrations we find, say, for n = 2,

3
Fy(u,0) = s [0 (g — u? —v2) — 2(mog + moy) (w§—u?—v2) WE+ (Myg+ Moy +2myy) wh] (3-316)
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and

)vjwg], (3:3:17)

) - (miyy +mog

’
12

4 __{__m

mgp

— %) wy— 4

2
0

[4(myou+mo;v) (w

3
T

G,(u,v) =

AR
OGO w
I
2 OO
1 O w
T e /
,,,,,z ,.,zo %ﬂ P 0
I
1 RN _
NN ,
& W /'n,l
S\ =
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Eq
(¢) n=8
2
v
1t /2
%
b -y il /2
0/4
—wO/ 2

Ficure 14. Successive approximations E,(u,v) = W,(u, v; wy/4, 0).

We have seen that F, and G, are essentially weighted averages of ' and G by a weighting
function proportional to g,[(z—u,)/wy, (v—v,)/w,]. The weighting function corresponding
to E, is somewhat different owing to the presence of the factor o(u,v) in (3-3-15). In fact
we have from (3:3-1) and (3-3-2)

B )_n+1HE(uD v) [1+ Z(‘zz :”: (” “1) _(U;)—o”l).z:,nduldvl
P = =y D= (5] - (5 T amene o

On changing the sign of (u;,v,) in the second integral we have

E(u,0) = f E(uy,v,) W, (u,v; uy,v;) duy do,, (3-3-19)
where W, (u,v; uy,v,) = n;;rl [14‘0,52(2:1)1 :“:1*(1‘_ ) —( :0‘0”1)2]"
DT T e
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W, is not a function of (¢« —u,) and (v—v,) alone. However, the second half of (3-3-20) only
gives a contribution when (;,v;) = (%,v), and then this is small owing to the presence of
the factor [1—o(u,v;)/o(u,v)].

To obtain an idea of the accuracy of successive approximations we may consider the case
of a narrow spectrum, when E(u,v) is appreciably large only in the neighbourhood of a
single point, say (—2w,, 0). Then

E,(u,v) = W, (u,v; — 3w, 0). (3-3-21)
W, has been computed for n = 2, 4, 8 assuming that, as for gravity waves on deep water,
o (u,v) oc (u?+02)k (3-3-22)

The results are shown in figure 14 @, 5 and ¢. It will be seen how the functions become pro-
gressively more peaked as the degree of the approximation is raised. When » = 8 the area
in which W, exceeds half its maximum value has a radius of about 0-3w,. For large values
of n we have, in the neighbourhood of (u,,v,),

W, =2 exp{—nl(u—u,)>+ (v—v))?]fuB), (3-3-23)

and so the ‘radius’ of W, is proportional to n~%. It will be seen then that E, converges to E
rather slowly. In order to distinguish parts of the spectrum separated by a distance J, it is
necessary to take z to be of order (w,/d)2.

I am indebted to Mr D. E. Cartwright for advice in evaluating the elliptic integral
(2-4-47) and to Mr E. A. Steer and Miss S. A. Yeo for assistance with the computation for
figures 12 and 13.

REFERENCES

Barber, N. F., Ursell, F., Darbyshire, J. & Tucker, M. J. 1946 A frequency analyser used in the
study of ocean waves. Nature, Lond., 158, 329-332.

Barber, N. F. & Ursell, F. 1948 The generation and propagation of ocean waves and swell. I. Wave
periods and velocities. Phil. Trans. A, 140, 527-560.

Barber, N. F. 1950 Ocean waves and swell. Lecture, Institution of Civil Engineers, London, 22 pp.

Cartwright, D. E. 1956 On determining the directions of waves from a ship at sea. Proc. Roy. Soc. A,
234, 382-387.

Courant, R. & Hilbert, D. 1953 Methods of mathematical physics. 1st English edition. New York:
Interscience Publishers, Inc.

Cox, C. & Munk, W. 1954a¢ Measurement of the roughness of the sea surface from photographs
of the sun’s glitter. J. Opt. Soc. Amer. 44, 838-850.

Cox, C. & Munk, W. 19545 Statistics of the sea surface derived from the sun’s glitter. J. Mar. Res.
13, 198-227.

Cramér, H. 1937 Random variables and probability distributions. Cambridge Mathematical Tract,
no. 36. Cambridge University Press.

Duntley, S. Q. 1950 The visibility of submerged objects. Part I. Optical effects of water waves.
Report, Visibility Lab., Mass. Inst. Techn.

Eckart, C. 1946 The sea surface and its effect on the reflection of sound and light. University of California,
Division of War Research, Report M 407 (unpublished).

Eckart, C. 19532 The scattering of sound from the sea surface. J. Acoust. Soc. Amer. 25, 566-570.


http://rsta.royalsocietypublishing.org/

A A

JA '\

Y |

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A B

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

STATISTICAL ANALYSIS OF A RANDOM, MOVING SURFACE 387

Eckart, C. 19536 The generation of wind waves on a water surface. J. Appl. Phys. 24, 1485—-1494.

Eckart, C. 1953¢ Relation between time averages and ensemble averages in the statistical dynamics
of continuous media. Phys. Rev. 91, 784-790.

Euler, L. 1752—3 Elementa doctrinae solidorum. Nov. Comment. Acad. Sci. Imp. Petropol. 4, 109-160.

Kendall, M. G. 1952 The advanced theory of statistics, vol. 1. London: Griffin. 457 pp.

Khintchine, A. 1934 Korrelationstheorie der stationaren stochastischen Prozesse. Math. Ann. 109,
604—-615.

Legendre, A. M. 1811 Exercises de calcul integrale, t. 1. Paris: Courcier. 386 pp.

Longuet-Higgins, M. S. & Barber, N. F. 1946 Four theoretical notes on the estimation of sea con-
ditions. Admiralty Research Laboratory, Teddington, Report N 1-N 4 103.30/W (unpublished).

Longuet-Higgins, M. S. 1950 A theory of the origin of microseisms. Phil. Trans. A, 243, 1-35.

Longuet-Higgins, M. S. 1952 On the statistical distribution of the heights of sea waves. J. Mar.
Res. 9, 245-266. '

Marks, W. 1954 The use of a filter to sort out directions in a short-crested gaussian sea surface.
Trans. Amer. Geophys. Un. 35, 758-766.

Pierson, W. J. 1952 A unified mathematical theory for the analysis, propagation and refraction of storm
generated ocean surface waves, Part I. Report, Dept. of Meteorology, N.Y. Univ., 336 pp. ‘

Rayleigh, Lord 1880 On the resultant of a large number of vibrations of the same pitch and of
arbitrary phase. Phil. Mag. 10, 73-78.

Rayleigh, Lord 1945 The theory of sound, 1st American edition. New York: Dover Publications.

Rice, S. O. 1944 The mathematical analysis of random noise. Bell Syst. Tech. J. 23, 282-332.

Rice, S. O. 1945 The mathematical analysis of random noise. Bell. Syst. Tech. J. 24, 46-156.

Rudnick, P. 1950 Correlograms for Pacific Ocean waves. Proc. 2nd Berkeley Symposium on Mathe-
matical Statistics and Probability, pp. 627-638, University of California Press.

St Denis, M. & Pierson, W. J. 1953 On the motions of ships in confused seas. Trans. Soc. Nav.
Archit., N.Y., 61, 1-65.

Schumacher, A. 1952 Results of exact wave measurements (by stereophotogrammetry) with special
reference to more recent theoretical investigations. Symposium on Gravity Waves, Washington,
June 1951. Nat. Bur. Stand. Circ. no. 521, U.S, Govt. Printing Office.

Schooley, A. H. 1954 A simple optical method for measuring the statistical distribution of water
surface slopes. J. Opt. Soc. Amer. 44, 37-40.

Sommerville, D. M. Y. 1929 An introduction to the geometry of n dimensions. London: Methuen. 196 pp.

Taylor, G. I. 1922 Diffusion by continuous movements. Proc. Lond. Math. Soc. (2), 20, 196-212.

Tukey, J. W. 1949 The sampling theory of power spectrum estimates. Symposium on application of auto-
correlation analysis to physical problems, Woods Hole, Mass., June 1949. Office of Naval
Research, Washington, D.C.

Tukey, J. W. & Hamming, R. W. 1949 Measuring noise color. Bell Telephone Laboratories Internal
Memorandum, MM 49. ‘

Watters, J. K. 1953 Distribution of height in ocean waves. N.Z. J. Sci. Tech. B, 34, 409-422.

Weierstrass, K. T. W. 1885 Uber die analytische Darstellbarkeit sogenannter willkiirlicher
Funktionen reeller Argumente. S.B. Akad. Wiss. Berl. 633-639, 789-805.

Weierstrass, K. T. W. 1903 Werke, vol. 3, 1-37. Berlin.

Whittaker, E. T. & Watson, G. N. 1952 Modern analysis. 4th edition. Cambridge University Press.


http://rsta.royalsocietypublishing.org/

